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Abstract. We present a biequivariant version of Kremnizer-Tanisaki localization theorem for 
quantum ©—modules. We also obtain an equivalence between a category of finitely generated 
equivariant modules over a quantum group and a category of finitely generated modules over a q-W 
algebra which can be regarded as an equivariant quantum group version of Skryabin equivalence. 
The biequivariant localization theorem for quantum IJ-modules together with the equivariant 
quantum group version of Skryabin equivalence yield an equivalence between a certain category 
of quantum biequivariant X*— modules and a category of finitely generated modules over a q-W 
algebra. 



1. Introduction 

Let G be a complex simple connected simply connected algebraic group with Lie algebra g, B 
a Borel subgroup of G, b the Lie algebra of B. Denote by U{g) the universal enveloping algebra 
of 0. Let A be a weight of g, M\ the Verma module over g with highest weight A with respect to 
the system of positive roots of the pair (g, b). Denote by Ix the annihilator of Mx in U{g), and let 
[/(g)'*' = U{q)/Ix- note that Ix is generated by a maximal ideal of the center Z{U{q)) of U{q) which 
is the kernel of a character x\ ■ Z{U{q)) C. By the celebrated Beilinson-Bernstein theorem, if A is 
regular dominant then the category of [/(g)'^-modules is equivalent to the category of modules over 
the sheaf T^Q/g of A-twisted differential operators on the flag variety G/B which are quasi-coherent 
over the sheaf of regular functions C[G/B] on G/B. The functor providing the equivalence is simply 
the global section functor. 

This result was generalized to the case of quantum groups in [1] [33] . The main observation used 
in [1] is that Vx can be regarded as a quantization of the A-twisted cotangent bundle T*{G / B)x 
which a symplectic leaf in the quotient {T*G)/B of the symplectic variety T*G, equipped with the 
canonical symplectic structure of the cotangent bundle, by the Hamiltonian action induced by the 
i3-action by right translations on G. Note that A naturally gives rise to a character A : b — t- C, and 
T*{G/B)x corresponds to the value A £ b* of the moment map /i : T*G b* for the i?-action, 
T*{G/B)x = n~^{X)/B. Using this observation at the quantum level one can replace the category 
of P^^^-modules with a category Vg of modules over the sheaf of differential operators on G 
which are equivariant with respect to a left B-action. Objects of this category are Pc-modules 
M equipped with the structure of B-modules in such a way that the action map Vq M ^ M 
is a morphism of i?-modules, where the action of B on is induced by the action on G by right 
translations, and the differential of the action of B on M coincides with the action of the Lie algebra 
b on the tensor product M (g) Ca, where b acts on M via the natural embedding b — > T>g, and Cx is 
the one-dimensional representation of b corresponding to the character A. The Beilinson-Bernstein 
localization theorem for equivariant I?G-modules was already formulated in [5] (see also |16] for 
some further details). 
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Note that T*G is naturally equipped with a G-action induced by the G-action by left translations 
on G. This action also preserves the canonical symplectic structure on T*G and commutes with 
the right _B~action. Hence it induces a Hamiltonian G-action on {T*G)/B and on all its symplectic 
leaves. In particular, the natural G-action on T*(G/B)\ is Hamiltonian. One can restrict this 
action to various subgroups of G. Let N be such a subgroup with Lie algebra n equipped with 
a character x : n ^ C Similarly to the case of B-equaivariant ^^"niodules one can consider the 
category tv^g/b '-'^ A^-equivariant D^^^-modules. By Beilinson-Bernstein localization theorem this 
category is equivalent to the category j^U{g)^ — mod of equivariant (g, A^)-modules on which the 
center Z{U{q)) acts by the character xa- This category is defined similarly to the category Vg. Its 
objects are left g-modules V equipped with the structure of left A^-modules in such a way that the 
action map g (E) V V is a. morphism of iV-modules, where the action of iV on g is induced by the 
adjoint representation, and the differential of the action of iV on coincides with the action of the 
Lie algebra n on the tensor product V (s^C^, where n acts on V via the natural embedding b — J' g, 
and C;^ is the one-dimensional representation of n corresponding to the character x- 

Now let : T*{G/B)\ — > n* be the moment map corresponding to the Hamiltonian group ac- 
tion of N on T*{G/B)x, and ^T*{G/ B)\ = fj,^^{x)/N the corresponding reduced Poisson manifold. 
Following the philosophy presented before in case of equivariant Pc-modules one can expect that 
the category -^g/b equivalent to the category of P-modules related to certain quantization of 
^T*{G/B)\, and the category ^U{q)^— mod is equivalent to the category of modules over an associa- 
tive algebra ^U{g)'^ which is a quantization of ^T*{G / B)\. Putting the two equivariance conditions 
together this would yield an equivalence between a category ^T)^ of X'G~modules equipped with the 
two equivariance conditions with respect to actions of B and N and a category of -^f7(g) "^-modules. 

Such equivalence was established, for instance, in case of modules over W^-algebras in when 
the subgroup N and its character x are chosen in such a way that ^U{q)'^ is a quotient of a finitely 
generated W-algebra over a central ideal. In this paper we are going to obtain a similar categorial 
equivalence in case of q-W-algebras introduced in [32 . 

The definition of q-W-algebras is given in terms of quantum groups and we shall need an analogue 
of Beilinson-Bernstein localization for quantum groups. First of all there is a natural analogue of 
the algebra of differential operators on G for quantum groups called the Heisenberg double Vq (see 
[26]). 27g is a smash product of a quantum group Uq{Q) and of the dual Hopf algebra generated by 
matrix elements of finite-dimensional representations of the quantum group. Similarly to the case of 
Lie algebras one can consider the category of 2?g-modules which are equivariant, in a sense similar 
to the Lie algebra case, with respect to a locally finite action of a quantum group analogue Uq{b+) 
of the universal enveloping algebra of a Borel sublagebra, Uq{b+) being equipped with a character A 
as well. The main statement of 1^ is that if A is regular dominant the category of such 2?g-modules 
is equivalent to the category of C/q(g)'^-modules, where Uq{Q)^ = Uq{Q)-f"^ / J\, and J/g(g)-^*" is the 
locally finite part with respect to the adjoint action of the Hopf algebra [/^(g) on itself, J\ is the 
annihilator of the Verma module with highest weight A in Uq{g)-^^". 

In Section [13] we give a quantum group analogue of the localization theorem for the category 
j^'Dg. Our construction is a straightforward generalization of the classical result. Such an easy 
generalization is possible because the Heisenberg double is equipped with natural analogues of the 
G-actions on the algebra of differential operators on G induced by left and right translations on G. 

This result can be applied in case of q-W-algebras if a quantum analogue of the group N and of 
its character are chosen in a proper way. Appropriate subalgebras [/|(m+) of ?/g(g) with characters 
Xq were defined in terms of certain new realizations Uq{g) of the quantum group ?7g(g) associated 
to Weyl group elements s of the Weyl group W of g. The definition of subalgebras C/^(m+) requires 
a deep study of the algebraic structure of [/^(g) presented in [32]. We recall the main results of 
[32] in Sections |4]-[TT1 However, the definition of the category of J7g(m+) -equivariant modules over 
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Ugid) requires some further investigation presented in Sections l9l fTTl The problem is that a proper 
definition of this category formulated in Section[T2]can only be given in terms of the locally finite part 
Uqis)^^^ of U^{q), and the definition of the corresponding q-W-algebras associated to characters 
Xq ■ Uq{m+) C given in Section|9]in terms of Uq{Q)^"^ also becomes more complicated comparing 
to the one suggested in [32]. The use of the locally finite part Uq[Q)f"^ is related to the fact that 
Uqi^y^^ is a deformation of the algebra of regular functions on the algebraic group G which follows 
from Proposition 19.31 Implicitly this result is also contained in |13i. 

The most difficult part of our construction is the proof of the equivalence between the category of 
finitely generated modules over J7g (g)-''™ equivariant over C/^ (m+) and the category of finitely gener- 
ated modules over the corresponding q-W-algebra Wq{G) which can be regarded as an equivariant 
version of Skryabin equivalence for quantum groups (see Appendix to |21j). We use the idea of the 
proof of a similar fact for W-algebras as it appears in [T^]. However, technical difficulties in case 
of quantum groups become obscure. Our proof is presented in Section 1121 It heavily relies on the 
behavior of all ingredients of the construction in the classical limit q ^ \. In particular, the key step 
is to use the cross-section theorem for the action of a unipotent algebraic subgroup C G on a sub- 
variety of G obtained in (31]. Let C/(m+) he q — 1 specialization of the ?7|(m+). The cross-section 
theorem implies in particular that as a C/(m+)-module the q — 1 specialization of any C/|(m+)- 
equivariant [/|(0)''^™-module V is isomorphic to the space of homomorphisms homc(C/(m+), V) of 
[/(m+) into a vector space V vanishing on some power of the natural augmentation ideal of [/(m+). 

The quantum group analogue of the localization theorem for the category ^U{q)^ — mod easily 
gives an equivalence between a category of modules over "Dq equivariant with respect to a Uq{b-f-)- 
action and to a f7|(m+)-action and the category of f7|(m+)-equivariant modules over Uq{g)^™ 
with central character xa- This equivalence together with the equivariant Skryabin equivalence 
for quantum groups yield an equivalence between a category of finitely generated modules over T^q 
equivariant with respect to a ?7g(b+)-action and to a C/^(m+)-action and the category of finitely 
generated modules over the quotient Wq{G)\ of the corresponding q-W-algebra Wq{G) by a central 
ideal. This agrees with the general philosophy that Wq{G)\, or more generally Wq{G), can be 
regarded as a quantization of the algebra of regular functions on a reduced Poisson manifold. In 
case of the algebra Wq{G) the corresponding manifold is an algebraic group analogue of Slodowy 
slices associated to Weyl group element s (see Theorem 111. 3|) . Such slices transversal to conjugacy 
classes in G were defined in [31] . 

Acknowledgement 

The author is grateful to Y. Kremnizer for useful discussions. 

2. Notation 

Fix the notation used throughout of the text. Let G be a connected finite-dimensional complex 
simple Lie group, g its Lie algebra. Fix a Cartan subalgebra f) C g and let A be the set of roots of 
(g, f)). Let ai, i = 1, . . . ,1, I — rank{Q) be a system of simple roots, A+ = {/3i, . . . , /3jv} the set of 
positive roots. Let Hi, . . . ,Hi be the set of simple root generators of f). 

Let Gij be the corresponding Cartan matrix, and let di, . . . ,di be coprime positive integers such 
that the matrix bij = diQij is symmetric. There exists a unique non-degenerate invariant symmetric 
bilinear form (, ) on g such that (Hi, Hj) = dj^aij. It induces an isomorphism of vector spaces t) ~ ()* 
under which £ (]* corresponds to diHi £ i). We denote by the element of [) that corresponds 
to a e f)* under this isomorphism. The induced bilinear form on I)* is given by (a^, aj) = bij. 

Let W be the Weyl group of the root system A. W is the subgroup of Gi(f)) generated by the 
fundamental reflections si, . . . , s;, 

Si{h) = /i - ai{h)Hi, h£\). 
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The action of W preserves the bihnear form (, ) on f). We denote a representative oi w ^ W in G by 
the same letter. For w €W,g G we write 'w{g) = wgw~'^. For any root a G A we also denote by 
Sa the corresponding reflection. 

Let b+ be the positive Borel subalgebra and b_ the opposite Borel subalgebra; let n+ = [b+, b+] 
and n_ = [b_,b_] be their nilradicals. Let H = expt),iV_|_ = expn+,A^_ = expn_,i3+ = 
HN^.B- = HN^ be the Cartan subgroup, the maximal unipotent subgroups and the Borel sub- 
groups of G which correspond to the Lie subalgebras [},n+,n_, b+ and b_, respectively. 

We identify q and its dual by means of the canonical invariant bilinear form. Then the coadjoint 
action of G on g* is naturally identified with the adjoint one. We also identify n+* = n_, b+* = b_. 

Let Qj3 be the root subspace corresponding to a root /3 e A, = {x G g| [/i, x] = j3{h)x for every h G 
f)}. g^g C g is a one-dimensional subspace. It is well known that for a ^ — /3 the root subspaces Qa 
and Qp are orthogonal with respect to the canonical invariant bilinear form. Moreover g^ and Q-a 
are non-degenerately paired by this form. 

Root vectors Xa G Qa satisfy the following relations: 

Note also that in this paper we denote by N the set of nonnegative integer numbers, N = {0,1,...}. 



3. Quantum groups 



In this section we recall some basic facts about quantum groups. We follow the notation of [3- 

Let h be an indeterminate, C[[ft.]] the ring of formal power series in h. We shall consider C[[/i]]- 
modules equipped with the so-called /i-adic topology. For every such module V this topology is 
characterized by requiring that {h^V | n > 0} is a base of the neighborhoods of in V ^ and that 
translations in V are continuous. It is easy to see that, for modules equipped with this topology, 
every C[[/i]] -module map is automatically continuous. 

A topological Hopf algebra over C[[/i]] is a complete C[ [ft.]] -module A equipped with a structure of 
C[[/i]]-Hopf algebra (see jT], Definition 4.3.1), the algebraic tensor products entering the axioms of 
the Hopf algebra are replaced by their completions in the /i-adic topology. We denote by ^, i. A, e, S* 
the multiplication, the unit, the comultiplication, the counit and the antipode of A, respectively. 

The standard quantum group Uh{Q) associated to a complex finite-dimensional simple Lie algebra 
g is the algebra over C[[/i]] topologically generated by elements Hi, X^ , X^ , i — 1, . . . ,1, and with 
the following defining relations: 



0, [H.„Xf] 



±a,,Xf 



(3.1) 



X+X: 



where Ki = e'^^'^^S e'' 



adih 



and the quantum Serre relations: 



1 - a. 



(X±)i-"--'-X±(X±)'-=0, t^j, 



(3.2) 



where 
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Uhis) is a topological Hopf algebra over C[[h]] with comultiplication defined by 

AhiX+) = X+ (^K, + 1®X+, 
A,(Xr) = Xr®l + x-i®xr, 

antipode defined by 

ShiH,) = -H,, ShiX+) - -X+K-\ ShiXr) = ~K,Xr, 
and counit defined by 

ehiH,)^eh{Xf)^0. 
We shall also use the weight-type generators 

/ 

and the elements Li = e^^\ They commute with the root vectors Xf as follows: 

(3.3) UXfL-'^qf'^^Xf. 
We also obviously have 

(3.4) L,Lj = LjL,. 

The Hopf algebra Uhid) is a quantization of the standard bialgebra structure on g, i.e. Uh{Q) /hUhio) 
U{g), Ah = A (mod h), where A is the standard comultiplication on U{q), and 



Ah -A 



opp 



^ (mod h) = S, 



h 

where J : g — ^ g (8) is the standard cocycle on g, and A^^^ = cA/j, a is the permutation in Uhig)'^'^, 
a{x (g) y) = y ®x. Recall that 

5{x) = (ada; (g) 1 + 1 (g) ada;)2r+, r+ G fl (g fl, 



1 I 

(3.5) r+ = -Y,Y^®H,+ ^ (X^,X_^)-iX0g)X_^. 

Here X±0 e g±/3 are root vectors of g. The element r+ e g (g) g is called a classical r-matrix. 

C//i(g) is a quasitriangular Hopf algebra, i.e. there exists an invertible element TZ £ t//i(g) g) Uhio), 
called a universal R-matrix, such that 

(3.6) A°PP(a) = 7^Aft(a)7^-l for aU a e [/,,(g), 
and 

(A;,®^c^)7^ = 7^l37^23, 

(3.7) 

(idg) A,,)7^ = 7^l37^l2, 

where 7ei2 = 7e g) 1, 1123 = 1^11, TZis = (ct g) ^id)7^23• 

From p.6p and p.7p it follows that 7?. satisfies the quantum Yang-Baxter equation: 

(3.8) 7^l27^l37^23 = TZ^sTIisTZu. 

For every quasitriangular Hopf algebra we also have (see Proposition 4.2.7 in [7]): 

{S g) id)TZ = [id g) S-^)TZ = 7^~^ 
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and 

(3.9) {S(giS)n^TZ. 

We shall explicitly describe the element TZ. First following j7] we recall the construction of root 
vectors of Uhio) in terms of a braid group action on [/^(g). Let rriij, i ^ j he equal to 2,3,4,6 if 
aijttji is equal to 0, 1, 2, 3. The braid group Bg associated to g has generators T^, z = 1, . . . , and 
defining relations 

T,T,T,Tj . . . = W,T,T, . . . 

for all i ^ j, where there are rriij T's on each side of the equation. 

There is an action of the braid group Bg by algebra automorphisms of Uhio) defined on the 
standard generators as follows: 



r=0 

T^iXr)=j2{-lY-^^ql{X~)^-)xr{xn^-^'-'^ 1+3. 



r=0 



where 



Recall that an ordering of a set of positive roots A+ is called normal if all simple roots are written 
in an arbitrary order, and for any three roots a, /3, 7 such that 7 = a + /3 we have either a < 7 < /3 
or /3 < 7 < a. 

Any two normal orderings in A+ can be reduced to each other by the so-called elementary 
transpositions (see [3^, Theorem 1). The elementary transpositions for rank 2 root systems are 
inversions of the following normal orderings (or the inverse normal orderings): 

a, /3 + 

a, a + /3, /3 A2 

(3.10) 

a, a + a + 2/3, ^ Bi 



a, a + 13, 2a + 3/3, a + 2/3, a + 3(3, (3 G2 

where it is assumed that (a, a) > {(3, f3). Moreover, any normal ordering in a rank 2 root system is 
one of orderings p.lOp or one of the inverse orderings. 

In general an elementary inversion of a normal ordering in a set of positive roots A+ is the 
inversion of an ordered segment of form (I3.10p (or of a segment with the inverse ordering) in the 
ordered set A+, where a — (3 ^ A. 

For any reduced decomposition wq = . . . Si„ of the longest element wq of the Weyl group W 
of g the set 

f3i — O^i^ , ^2 — ^ii ; ■ ■ • ; — ^ii ■ ■ • ^io — i 

is a normal ordering in A_|_, and there is one-to-one correspondence between normal orderings of 
A+ and reduced decompositions of wq (see [57]). 
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Now fix a reduced decomposition wq — Si-^ . . . Si^ of the longest element wo of the Weyl group W 
of Q and define the corresponding root vectors in Uhio) by 

(3.11) X± =T,,...T,,_,X±. 

Proposition 3.1. For [3 — "^jO^ij G N is a polynomial in the noncommutative variables 

homogeneous in each X^ of degree rrii . 

The root vectors X'^ satisfy the following relations: 

(3.12) X+X; - = ^(^1' ■ • ■ ' ku)iXlf'\xlf^^ . . . {Xlf"\ 

Q<i5i<...<(5„</3 

where for a G A+ we put {X^y = ' , , /j > 0, = g ' if the positive root a is Weyl group 
conjugate to the simple root ai, C(fci, . . . , fc„) G C[g', q^^]. They also commute with elements of the 
subalgebra Uh{i)) as follows: 

(3.13) [H,,X^] = ±PiH,)Xf, i = l,...,l. 
Note that by construction 

X^ (mod h) = Xp e Qi3, 
Xp (mod h) = X^p G Q-p 

are root vectors of q. 

Let C//j(n+), J7?i(n_) and ?7/i(f)) be the C[[/i]]-subalgebras of Uh{Q) topologically generated by the 
X^ , by the X~ and by the Hi, respectively. 

Now using the root vectors X^ we can construct a topological basis of Uhio)- Define for r = 
(ri,...,rc) gN^, 

(X+)« = (X+)('^^)...(X+J('--), 
(X-)W = (X^-j('^-)...(X^-)('-0, 

and for s — (si, . . . si) G N', 

= H^' ...Hi'. 

Proposition 3.2. ([17], Proposition 3.3) The elements (X+)W, (X-)(*) and i^^ /or r, t G 

N^, s G N', /orm topological bases of Uh{n+),Uh{n-) and Uh{i)), respectively, and the products 
(X+)('")_ff^(X~)(*) form a topological basis of Uhio). In particular, multiplication defines an iso- 
morphism of C[[h]] modules: 

An explicit expression for TZ may be written by making use of the q-exponential 

„k 



k{k+l) 



X 



fc=0 



9- 



in terms of which the element TZ takes the form: 



(3.14) n = exp 



hJ2iY,^Hi) 



Y[exp^^[{l - q-^)X+ ® X^], 

P 

where the product is over all the positive roots of g, and the order of the terms is such that the 
a-term appears to the left of the /3-term if a > /? with respect to the normal ordering of A-|_ . 
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Remark 3.1. The r-matrix r+ = ^{TZ — 1 (g> 1) {mod h), which is the classical limit of TZ, 
coincides with the classical r-matrix i3.5\) . 

One can calculate the action of the comultiplication on the root vectors X^^ in terms of the 
universal R-matrix. For instance for A;j(X^^) one has 

(3.15) A,(X+ ) = n-l^ (X+ ® e'^^^ + 1 ® X+ )^<^,, 

where 

'^<0k = T^h-i ■ ■ ■ ^/3i , T^fir = expg^^ [(1 - q^^)X+^ (g) X^J. 
4. Realizations of quantum groups associated to Weyl group elements 

The subalgebras of Uh{Q) which possess nontrivial characters are defined in terms of the new 
realizations U^{q) of Uh{Q) associated to Weyl group elements, and we start by defining these new 
realizations. 

Let s be an element of the Weyl group W of the pair (g, ()), and [)' the orthogonal complement, 
with respect to the Killing form, to the subspace of 1} fixed by the natural action of s on f). The 
restriction of the natural action of s on [}* to the subspace [)'* has no fixed points. Therefore one 
can define the Cayley transform jz^Pf," of the restriction of s to f)'*, where Pf," is the orthogonal 
projection operator onto f)'* in f)*, with respect to the Killing form. 

Now we suggest a new realization of the quantum group Uhis) associated to s G W. Let C/,j(g) be 
the associative algebra over C[[ft.]] topologically generated by elements e^, /,;, Hi, i — 1, . . .1 subject 
to the relations: 

[Hi,Hj] = 0, [Hi.ej] = a^jCj, [Hi, fj] = -a^jfj, 



{e,)^-^^--e,{e,Y =0, i^j, 

Theorem 4.1. ([32], Theorem 4.1) For every solution nij e C, i,j — l,...,l of equations 

(4.2) djTiij difiji Cij 

there exists an algebra isomorphism 4'{n} • U^{q) — > Uhio) defined by the formulas: 

'4'{n}{Hi) = Hi. 

Remark 4.2. The general solution of equation is given by 

(4.3) ^ ^{c,j + s^j), 
where Sij = Sji. 



(4.1) 



1 - ai 
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We call the algebra U^{q) the realization of the quantum group Uhis) corresponding to the element 

sew. 



Remark 4.3. Let riij be a solution of the homogeneous system that corresponds to |^.^[ ), 
Then the map defined by 

(4-4) xr^nU^j^^^'^r, 



is an automorphism ofUhis). Therefore for given element s € W the isomorphism ip{n} is defined 
uniquely up to automorphisms \4-4^ ofUh{Q)- 



Now we shall study the algebraic structure of U^{q). Denote by U^{n±) the subalgebra in U^{q) 
generated by {fi),i — 1,. . . ,1. Let t/^(f)) be the subalgebra in U^{q) generated by Hi, i = 1, . . . ,1. 

We shall construct a Poincarc-BirkhofF-Witt basis for Uji{Q). It is convenient to introduce an 
operator K G End (] such that 



(4.5) KH,=j2^Y,. 
In particular, we have 



Oj 

Equation (14.21) is equivalent to the following equation for the operator K: 

1 + s 

K -K* = Pw'. 

1 - s " 

Proposition 4.2. ([32], Proposition 4.2) (i) For any solution of equation |^.g[ ) and any normal 
ordering of the root system A+ the elements ep — ifj^^-^^X'^ e^^^ ) and fp — ^^^y(e^'^^^ X^), (3 £ 

A+ lie in the subalgebras U^{n+) and t/^(n-), respectively. For a £ A+ we put (ca)^''"' — jlpf? 

{fa)^^^ — \l\ ^ I ; k >Q. The elements en, /? G A_|_ satisfy the following commutation relations 

(4.6) e„e;3-<7("''')+(^^'^'*"'''^e^e„= C"(fci, . . . , fc„)(e,j('=^)(e,j('=^) . . . (e.J^'^"), 

Q<i5i<...<(5„</3 

where C'{h,..., K) e C[q, g-i, g"-'^. , g~"-'*^].,,=i,...,z. 

(ii) Moreover, the elements (e)^ = (e^jj^''^^ • ■ (efc)(''"\ (/)(*) = (/fe)^*"^ ■ • • (//3i)^*'^ and 
= H^^ ...Hp for r, t, s e N' form topological bases of U^{n+), C/^(n„) and f/^(f)), and the 
products (/)'*-'-ff^(e)''"-' form a topological basis ofU^{Q). In particular, multiplication defines an 
isomorphism o/C[[/i]] modules 

U^{n.)(^Um®U,l{n+)^U^{9). 

The realizations U^{g) of the quantum group Uhis) are connected with quantizations of some 
nonstandard bialgebra structures on g. At the quantum level changing bialgebra structure corre- 
sponds to the so-called Drinfeld twist. We shall consider a particular class of such twists described 
in the following proposition. 



10 



A. SEVOSTYANOV 



Proposition 4.3. ([7 , Proposition 4.2.13) Let (A, fi, i, A, e, S) be a Hopf aiqeora over a commu- 
tative ring. Let J- be an invertible element of A<S) A such that 



(4.7) 



Ti2{A(g) id) (T) ^ F23{id(E) A){F), 

(e ® id){T) = {id ® e){T) = 1. 

Then, v — ^{id® S){J-) is an invertible element of A with 

v'^ ^ fi{S(E>id){J-^). 

Moreover, if we define A-^ : A —i' A® A and : A A by 

A-^(a) = J'A(a)J"-\ S^{a) = vS{a)v-^, 

then (A, /i, I, A"^, e, 5"^) is a Hopf algebra denoted by A"^ and called the twist of A by T . 

Corollary 4.4. ([7], Corollary 4.2.15) Suppose that A and J- are as in Proposition \J7S[ but assume 
in addition that A is quasitriangular with universal R-matrix TZ. Then is quasitriangular with 
universal R-matrix 

(4.8) n^ = T2inj-\ 

where J-21 ^ . 

Fix an element s . Consider the twist of the Hopf algebra Uhid) by the element 



(4.9) 



where Uij is a solution of the corresponding equation (|4.2p . 

This element satisfies conditions (|4.7p . and so Uhis)'^ is a quasitriangular Hopf algebra with the 
universal R-matrix TZ"^ — F2iR-F^^ , where TZ is given by p.l4p . We shall explicitly calculate the 
element TZ^ . Substituting ([3TT4)) and (|Ml) into (gH) and using (j3.13p we obtain 

= exp [h{Y!,=^{Y^ ® H,) + ,=i(-^ + '^)y^ ® Yj) x 

where K is defined by (14. 5p . 

Equip UjKo) with the comultiplication given by : As{x) — {''P^n} ® ^{n})'^hi^{n}i^))- Then 
U^{q) becomes a quasitriangular Hopf algebra with the universal R-matrix TZ'^ ~ ^{n} ® ^{n}^"^' 
Using equation (j4.2p this R-matrix may be written as follows 



(4.10) 



TZ'^ — exp 
0/3 expq^[{l 



where P(,' is the orthogonal projection operator onto f)' in (] with respect to the Killing form. 
The element TZ'^ may be also represented in the form 



(4.11) 



TZ" = 11/3 expq^lil 



exp 



9,-^)e^e-''(^n'+i)^^ 

l+s 



^(E-=im ® Hi) + ^sP^'H^ ® Yi) 
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The comultiplication is given on generators by 

A,{Hi) = H, (E) 1 + 1 Hi, 

A,(e,) = e. ^ ^hMrhP.'+P,-^m + ^ ^ 

A,(/.) = /. ® e-''*^^^'^' + e-'"*>^' ® 

where Pfj,± is the orthogonal projection operator onto the orthogonal complement ()'^ to ()' in f) 
with respect to the Killing form. 

Finally, the new antipode Ss{x) — (?/'{«} (a:)) is given by 

Note that the Hopf algebra U^{q) is a quantization of the bialgebra structure on g defined by the 
cocycle 

(4.12) S{x) = (adj. (g) 1 + 1 (g) ad2,)2r^, G g ® 0, 

where = r+ + i Y.[=i jz^Pti'^i (g Y^, and r+ is given by (|331) . 

Using formula p.isp and Proposition 14.31 one can also easily find that 

(4.13) A.(e^J = (7^^<^J"\e^, 0e"^^"'''%l^e^J^^<^^, 
where 

and 

5. NiLPOTENT SUBALGEBRAS AND QUANTUM GROUPS 

First we recall the definition of certain normal orderings of root systems associated to Weyl group 
elements introduced in [S^- The definition of subalgebras of Uhis) having nontrivial characters is 
given in terms of root vectors associated to such normal orderings. 

Let s, as in the previous section, be an element of the Weyl group W of the pair (g, f)) and f)R 
the real form of f), the real linear span of simple coroots in f). The set of roots A is a subset of the 
dual space 

The Weyl group element s naturally acts on f)R as an orthogonal transformation with respect 
to the scalar product induced by the Killing form of g. Using the spectral theory of orthogonal 
transformations we can decompose t)R into a direct orthogonal sum of s-invariant subspaces, 

K 

(5.1) f)R = 0f)., 

i=0 

where we assume that f)o is the linear subspace of f)R fixed by the action of s, and each of the other 
subspaces t)i C f)E, i = 1, . . . , A', is either two-dimensional or one-dimensional and the Weyl group 
element s acts on it as rotation with angle 9i, < 9i < n or as reflection with respect to the origin 
(which also can be regarded as rotation with angle tt). Note that since s has finite order Si — 
rrii e N. 

Since the number of roots in the root system A is finite one can always choose elements /li G 
i = 0, . . . ,i4r, such that hi{a) ^ for any root a G A which is not orthogonal to the s-invariant 
subspace ()i with respect to the natural pairing between I)h and 
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Now we consider certain s-invariant subsets of roots A.^, i ~ 0, . . . , K , defined as follows 

(5.2) A, = {a G A : h^ia) - 0,j > i, K{a) ^ 0}, 

where we formally assume that Hk+i — 0. Note that for some indexes i the subsets A^ are empty, 
and that the definition of these subsets depends on the order of terms in direct sum (|5.ip . 

Now consider the nonempty s-invariant subsets of roots A^^. , fc = 0, . . . , M . For convenience we 
assume that indexes ik are labeled in such a way that ij < ik if and only if j < k. According to this 
definition A^^ = {a <E A : sa = a} is the set of roots fixed by the action of s. Observe also that the 
root system A is the disjoint union of the subsets A^^. , 

M 
fe=0 

Now assume that 

(5.3) \h,^{a)\>\ ^ h^.{a)\, for any a gA,^, fc = 0, . . . , M, I < k. 

l<j<k 

Condition (|5.3p can be always fulfilled by suitable rescalings of the elements hi^ . 
Consider the element 

M 

(5.4) h = J2h^^ 6 flR- 

k=0 

From definition (|5.2p of the sets Ai we obtain that for a G A^^. 

(5.5) Ma) = K (") = K (a) + 

j<k j<k 

Now condition (j5.3p . the previous identity and the inequality jx + yl > — \y\\ imply that for 
a € Aij. we have 

\h{a)\ > \\hM\~\J2h^A^)\\>0■ 
]<k 

Since A is the disjoint union of the subsets A^^ , A = Ufe=o ^'fc ' inequality ensures that h 

belongs to a Weyl chamber of the root system A, and one can define the subset of positive roots 
A_|_ and the set of simple positive roots F with respect to that chamber. From condition (15.31) and 
formula (|5.5[l we also obtain that a root a G A^^ is positive if and only if 

(5.6) h,^{a)>Q. 

We denote by (Ai^.)+ the set of positive roots contained in A^^, (Ai^)+ = A+p|Ai^. 

We shall also need a parabolic subalgebra p of g associated to the semisimple element ft-o = 
X^fcli ^ f)R associated to s G W . This subalgebra is defined with the help of the linear eigenspace 
decomposition of q with respect to the adjoint action of Jiq on g, g = ®m(0)m; (fl)m = {x € q \ 

, a;] = ma;}, m G K. By definition p = ®m>o(fl)m is a parabolic subalgebra in g, n = ®m>o(0)"» 
and ( = {x G g I [/loj^;] = 0} are the nilradical and the Levi factor of p, respectively. Note that 
we have natural inclusions of Lie algebras p D b+ D n, where b+ is the Borel subalgebra of g 
corresponding to the system F of simple roots, and A^j, is the root system of the reductive Lie 
algebra [. 

For every element w & W one can introduce the set A^u = {a G A+ : w{a) G — A+}, and the 
number of the elements in the set A^u is equal to the length l{'w) of the element w with respect to 
the system F of simple roots in A+. 
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Now recall that in the classification theory of conjugacy classes in the Weyl group W of the 
complex simple Lie algebra q the so-called primitive (or semi-Coxeter in another terminology) el- 
ements play a primary role. The primitive elements w ^ W are characterized by the property 
det(l — w) = det a, where a is the Cartan matrix of g. According to the results of [6 the element 
s of the Weyl group of the pair (g, ()) is primitive in the Weyl group W of a regular semisimple Lie 
subalgebra g' C g of the form 

aeA' 

where A' is a root subsystem of the root system A of g, go. is the root subspace of g corresponding 
to root a, and (]' is a Lie subalgebra of f) (it coincides with ()' introduced in Section U). 
Moreover, by Theorem C in 6 s can be represented as a product of two involutions, 

(5.7) s = s'^s^, 

where — s-y^ . . . s^^^, — s^^^^^ . . . s^^, , the roots in each of the sets 71 , . . . , 7„ and 7„+i , . • . , 7i' 
are positive and mutually orthogonal, and the roots 71, . . . , 7;/ form a linear basis of f)', in particular 
I' is the rank of g'. 

Proposition 5.1. , Peoposition 5.1) Let s € W be an element of the Weyl group W of the 
pair (g, f)), A the root system of the pair (g, f)) and A+ the system of positive roots defined with the 
help of element 1^5.4^ , A+ = {a G A|/i(a) > 0}. 

Then there is a normal ordering of the root system A_|_ of the following form 

Pi,..., Pl,l3l+i, ^l+P^ , 71, ■ • • ' l^l+E^+n, ' 72, 

(5-8) ^t+P_Ii+„,+2 ■ • ■ ' /^t^E^+n^' ■ • ■ ' 7«, /3t+p+l, • ■ • , ■ • ■ , 

/3l , • ■ • , /3g, 7n-l-l, /3q+2, • ■ • , f^q+mi i 7n+2 
7/'i /^q+m^^2) + l' ■ • ■ ' /^2Q+2m;(^2)-(/'-n)' /^2Q+2m^^2)-{/'-n) + li ■ • ■ ' /^f(s2), 

where 

{/?!,..., . . , /3t+£_:i, 71, /?t+i^+2' ■ • • ' Pl+s-^+n, ' 72, 

/?t+£^+„i+2 ■ ■ • ' Pl+IL^+n^ , 73, ■ • ■ , 7n, P]+p+l, • ■ • , = , 

{/^t+i, . . . , /3j+£^ , • • • ' l^l+E^+m ' 72, 

/3t+£^+„,+2 • • • ./3'+£_i+„,,73, . . . ,7n} = {a e A+|si(a) = -a}, 

{/?l, ■ • ■ , 7"+l, /5g+2, • ■ • , /^g+mi , 7n+2, /3g+mi+2, • ■ • , /^g+ma' 7n+3, ■ • ■ , 
7i', /3g+m,(^2)+l' ■ • ■ ,/'2g+2m,,^2)-(/'-n)'^2<j+2m,(^2)-(/'-ri) + l' ' • ' ,/^f(s2)} = As2 , 

{7n+l , /3g+2, • • • , Pq+mx , 7n+2, /3g+m^-|-2, • ■ • , /^(j+m2 ' 7n+3, ■ • ■ , 
7i',/3g+m,(^2)+l'---,^2g+2m,(^2)-(/'-n)} = {" ^ A+|s2(a) = -a}, 

. . . , /30,J ^ Ao = {a e A+|s(a) = a}, 

and , are i/ie involutions entering decomposition |5. 7p , S""^ = s-^^ . . . s^,^, = s-^^^j . . . s^^,, i/ie 
roots m each of the sets 71, . . . , 7„ and 7n+i, ■ • ■ , 7;' are positive and mutually orthogonal. 
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The length of the ordered segment Am^ C A m normal ordering Ii5.8\) . 
(5.9) 

ln+1 1 ■ • ■ 1 Pq+mi i 7n+2i /5g+mi+2i ■ • ■ i Pq+m2 ' 7n+3i . • . i 7i' i 

is equal to 

(5.10) i5-(i(f)_i:+i5„), 

where D is the number of roots in A+, l{s) is the length of s and Dq is the number of positive roots 
fixed by the action of s. 

Moreover, for any two roots a, (3 ^ Am , such that a < P the sum a + /3 cannot be represented as 



a 



linear combination X]fc=i ^kli^) where Cfe G N and a < < . . . < 7;^. < (3. 

We call the system of positive roots A-|_ ordered as in (|5.8p the normally ordered system of positive 
roots associated to the (conjugacy class) of the Weyl group element s G W . We shall also need the 
circular ordering in the root system A corresponding to normal ordering (j5.8p of the positive root 
system A-|.. 

Let /3i,/32, . • . tPd be a normal ordering of a positive root system A+. Then following T8' one 
can introduce the corresponding circular normal ordering of the root system A where the roots in 
A are located on a circle in the following way 



P2 Pd 

/3i -^1 



Fig.2 

Let q;,/3 £ A. One says that the segment of the circle is minimal if it does not contain 

the opposite roots —a and —(3 and the root /3 follows after a on the circle above, the circle being 
oriented clockwise. In that case one also says that a < /3 in the sense of the circular normal ordering, 

(5.11) a < /3 <^ the segment [a,/3] of the circle is minimal. 

Later we shall need the following property of minimal segments which is a direct consequence of 
Proposition 3.3 in ,17, . 
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Lemma 5.2. Let [a,/3] be a minimal segment in a circular normal ordering of a root system A. 
Then if a + /3 is a root we have 

a < a + 13 < 13. 

Now following [32] we define the subalgebras of Uhid) which resemble nilpotent subalgebras in g 
and possess nontrivial characters. 

Theorem 5.3. (|32j, Theorem 6.1) Let s G W be an element of the Weyl group W of the pair 
(g, ()), A the root system of the pair (g, t)). Fix a decomposition J5.?] j of s and let A+ be the system 
of positive roots associated to s. Let U^{q) be the realization of the quantum group Uh{Q) associated 
to s. Let ep € t/^(n+), (3 £ A+ be the root vectors associated to the corresponding normal ordering 
O0/A+. 

Then elements ep g J7^(n+), (3 £ Am_,_, where Am_|_ C A is ordered segment h5.9]) . generate a 
subalgebra Uji{m+) C [//^(s) ■^^'^^ ^^^^ Uh{^+) / ^Uh{^+) — U{m+), where m+ is the Lie subalgebra 
of Q generated by the root vectors Xa, a G Am_|_ • The elements = e^"^ . . . , ri G N, i = 1, . . . , D 
and ri can be strictly positive only if Pi G Am^ , form a topological basis of U^{mj^). 

Moreover the map Xh ■ ^ '^[[^]] defined on generators by 



(5.12) xUep) 
is a character o/t/|(m+). 



/3^{7i,...,7;'} 

Ci 13 ^ 7i) Ci e C[[h] 



Lemma 5.4. ([32 , Lemma 6.2) Let Pp,/* be the orthogonal projection operator onto f)'* in t)* , with 
respect to the Killing form. Then the matrix elements of the operator jz^Pf)'* in the basis 71, . . . , 7^/ 
are of the form: 

where 




The matrix Aij is called the Carter matrix of s. We shall also use the Lie subalgebra m_ of g 
generated by the root vectors X-^, ct G An,+ - 



6. Some specializations of the algebra U^{g) 

In this section we introduce some forms of the quantum group U^{q) which are similar to the 
rational form, the restricted integral form and to its specialization for the standard quantum group 
Uh{g). The motivations of the definitions given below will be clear in Section [9] The results in this 
section are slight modifications of similar statements for Uh{g), and we refer to 7„, Ch. 9 for the 
proofs. 

We start with the observation that the numbers 

(6.1) p., = (^i±ip^,r„ Y,^ + {Y, Y,) 

are rational, pij G Q. 

Indeed, let 7*, i = 1, be the basis of [)'* dual to 7^, i = 1, . . . , Z' with respect to the restriction 
of the bilinear form (•, •) to f)'*. Since the numbers (7i,7j) are integer each element 7* has the form 
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7* = ''^ijlj-i where rriij e Q. Now we have 

■ 1 + s 



1 - s 



= lkiYi)-fiiYj) (^^^Pt,,'jp,jqjrnkprnig + {Y,,Yj). 

k,l.,p,q=l ^ ^ 

All the terms in the r.h.s. of the last identity are rational since "fiiYj) G Z for any i — 1, . . . ,1' and 
j — because Yi are the fundamental weights, the numbers (^jz^Pi)"^pi^q^ integer by 

Lemma |5.4[ the coefHcients rriij are rational as we observed above, and the scalar products (1^, Yj) 
of the fundamental weights are rational. Therefore the numbers Pij are rational. 

Denote by d the smallest integer number divisible by all the denominators of the rational numbers 
Pij72, i,j = l,...,l. 

Let U^{g) be the C((72a)-subalgebraof f7^(0) generated by the elements e^, /i, = exp(±^i7i), i - 
The defining relations for the algebra Uq{g) are 



tjtj 



1 , t^Cjt^ 



2ddi 



3.2) 



K, = t 



1 - a,; 



1 ^ J- J- J--1 



2. / 



1 - a,: 



Note that by the choice of d we have g'^'^ G C[g^,(7~^]. 

The second formof ?7|(g) is a subalgebra [/_4(g) in ?7|(g) over the ring A — C[q^ ,q^^ , ■ " ■ ' Fl~]' 
where i = I,.. .,1, r is the maximal number ki that appears in the right-hand sides of formulas 
p.l2p for various a and /3. U^{g) is the subalgebra in Ug{Q) generated over A by the elements 



,±1 Ki-K7 



li-li 



The most important for us is the specialization C/^(g) of U^{q), J/^ (fl) = U^{Q)/{q2d — £2d)[/jj(g), 
£ G C*, ! ^ 0, i — Note that [r]i! ^ 0, and hence one can define the specialization 

Uqid), U^{q) and U^{q) are Hopf algebras with the comultiplication induced from U^{q). 
If in addition e^''' =^ 1, i = 1, . . . ,1, then U^{g) is generated over C by tf-^, e^, /i, i = 1, . . . ,1 
subject to relations (16. 2p where q — e. 

The algebra [/^(fl) has a similar description. 

The elements ti are central in the algebra C/f (g), and the quotient of C/f (g) by the two-sided ideal 
generated by — 1 is isomorphic to U{g). 

If F is a [/^(g)-module then its weight spaces are all the nonzero C((j23 )-linear subspaces of the 
form 

Vc^{ve V,tiv = av, c, G C(g53)*, i = 1,...,;}. 
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The 1-tuplc c = (ci, . . . , q) e (C(gA)*)' is called a weiglit. 

If c' = {c[, . . . , c'l) is another weight one says that c' < c if c'^Ci = q2df^(^i) for some /3 G = 
®i=i ^i^d alH = 1, . . . , L 

A highest weight J7|(0)-module is a [/^ (g)-niodule F which contains a weight vector v £ Vc 
annihilated by the action of all elements and such that V = U^{q)v. In that case we also have a 
weight space decomposition 

c' <c 

and dim i , — 1- In particular, c is uniquely defined by V. It is called the highest weight of 

) 

and V is called the highest weight vector. 

Verma and finite-dimensional irreducible /7^(g)-modules are defined in the usual way. For in- 
stance, the Verma module Afg(A) of highest weight A corresponding to a character A : J7g(f)) — >■ 
C{q^)* is the quotient of by the right ideal generated by and ti — X{ti), where i = 1, . . . , /. 

We frequently and formally write A in the exponential form, X{ti) ~ q2d^(^i\ i ~ 1, . . . ,1. In par- 
ticular, a fi £ P ~ {r/ G i)* ,ri{Hi) G Z for all i} we shall denote by A — /i the character of C/|(f)) such 
that (A - fi){U) = qh{>--t^)(Hi) ^ A(ii)g2k(-f)(^0, i = 1, . . . , L 

The image of 1 in Mq{\) is the highest weight vector v\ in Mq{\). For A G P+ = {/i G \)* ,iJL{Hi) G 
N for all i\ the unique irreducible quotient Vq{X) of Mq{X) is a finite-dimensional irreducible repre- 
sentation of Uq{g). 

If F is a highest weight C/^(g)-module with highest weight vector v then Va = U^{q)v is a 
[/_^-submodule of V which has weight decomposition induced by that of V. 

Moreover, Va C{q^) ~ V, Va is the direct sum of its intersections with the weight spaces of 
V, each such intersection is a free yl-module of finite rank, and V — VA/{q^ — 1)Va is naturally a 
[/(0)-module. In particular for A G P+, A/(A) — Mq{\) and V^(A) = V q{\) are the Verma and the 
finite-dimensional irreducible t/(g)-modules with highest weight A. 

For Verma and finite-dimensional representations of highest weight /i every nonzero weight sub- 
space has weight of the form (q2d^(H^)^ . . . , q^s^^i))^ where \ = — v, v e P+ = {rj e i)*,r]{Hi) G 
N for all i}. One simply calls such a subspace a subspace of weight A. 

Similarly one can define highest weight, Verma and finite-dimensional t/|'(g)-modules in case 
when s is transcendental; one should just replace q with e in the definitions above for the algebra 

For the solution riij = ^Cij to equations (|4.2p the root vectors ep^fp belong to all the above 
introduced subalgebras of [/^(g), and one can define Poincare-BirkhoflF-Witt bases for them in a 
similar way. From now on we shall assume that the solution to equations (|4.2p is fixed as above. 

If we define for s = (si , . . . s;) G 

= if . . . if 

and denote by [/*(n+), [/|(n_) and [/*(()) the subalgebras of Uq{Q) generated by the e.^, /,; and by 
the ti, respectively, then the elements e"" — e^^^ ...e^^, /* ~ • ■ • -^ft ^^'^ i": t G N^, 

s G Z', form bases of t/|(n+), f7|(n-) and Uq{t)), respectively, and the products e^t^f*^ form a basis 
of Uq{g). In particular, multiplication defines an isomorphism: 

We shall also use quantum analogues of Borel subalgebras ?7*(b+), [/*(b_), Uq{b±) is the subal- 
gebra in U^{g) generated by C/|(n±) and by C/|(f}), C/|(b±) = U^{n+)U^{i)). 
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By specializing the above constructed basis for q = e we obtain a similar basis and similar 
subalgebras for U^{q). 

Let U^{n+), C/_4(n_) be the subalgebras of U^{q) generated by the and by the fi, i = 1, . . . ,1, 
respectively. Using the root vectors ep and fp we can construct a basis of C/Jj(g). Namely, the 
elements e"", /* for r, t g form bases of U^{n+), t/jj(n_), respectively. 

The elements 



r 



belong to U^{q}. Denote by U^{\:)) the subalgebra of U^{g) generated by those elements and by 
tf\i = l,...,l. 

Then multiplication defines an isomorphism of A modules: 

We shall also use the subalgebras U^{b±) C U^{q) generated by U^{n±) and by U^{1^). 

A basis for C/^(f)) is a little bit more difficult to describe. We do not need its explicit description 
(see [7], Proposition 9.3.3 for details). 

None of the subalgebras of U^{q) introduced above is quasitriangular. However, one can define 
an action of R-matrix (|4.10p in the finite-dimensional representations of C/, (fl), U^{q) and U^{q). 
Indeed, observe that one can write R-matrix (|4.10p in the factorized form 

(6.3) w = sii, 

where 



exp 



and 



ui ^...,ud—0 r—1 

where the order of the factors in the product is such that the (3r-teim appears to the right of the 
/3s-term if r > s. 

Using the fact that the numbers pij defined by (|6.1I) are of the form pij — , Vij € Z one can 
check that actually 6"'-''^^^"''''' S UXid)- Therefore e^- ® e^-'^T^^''''''' (/^)("-) G UX{q) <E> U'j^{g). 

For every two finite-dimensional ?7jj(0)-modules V and W only finitely many terms in the ex- 
pression for TZ act nontrivially on V (^W since the action of root vectors on V and W is nilpotent. 
Therefore the action of the element TZ in the space V is well defined. 

Moreover, if and W\ are two weight subspaces of V and W of weights /i, A e P then one 
can define an action of £ in W\ as multiplication by the scalar g(-*''^)+(Ti^ii'* Since the 
numbers pij defined by (|6.ip are of the form pij = this scalar is an element of ^ = C[q^ ,q^^]. 

If we define an action of the element TZ'' in y as the composition of the above defined action 
of the operators £ and TZ in V (^W and denote the obtained operator by R^'^ then one can check 
that 

R^'^{TTv®nw)^six)R^'^'' = (ttm/ ®7rv)A°PP(a;), 
where Try, t^w are the representations V and W and is the comultiplication on ?7^(fl). Moreover, 
i?^'^ satisfies the quantum Yang-Baxter equation. 

By specializing g to a particular value q = e one can obtain an operator with similar properties 
acting in the tensor product of any two finite-dimensional [/*(g)-modules. Obviously, the above 
construction can be applied in case of the algebra Ug{g) as well. 
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Finally we discuss an obvious analogue of the subalgebra U^{m+) C U^{q) for U^{q). 

Let C/jj(m+) C U^{g) be the subalgebra generated by elements ep G U^{n+), /? G Am_|_, where 
Am_|_ C A is the ordered segment (|5.9p . The defining relations in the subalgebra L/jj(m+) are given 
by formula (|4.6|) . 



X^(e/3) 



(6.4) e„e^-g("'^)+(^^^'*"'«e^e„= J] C'(fci, . . . , fc„)e^Je^^ . . e^;;, 

a<7l<---<7n<fi 

where C'{ki, . . . , fc„) € y^. 

The elements e"" = e^^^ . . . ej|j° , G N, z = 1,...,!?, and can be strictly positive only if 
Pi G Am^, form a basis of C/^(m+). 

Obviously ^/j^(m+)/(g^ — l)Uy^{m+) ~ [/(m+), where m+ is the Lie subalgebra of g generated 
by the root vectors Xa, a G A^^. 

Moreover, the map Xa ■ ~^ defined on generators by 

/3^{7i,.-.,7i'} 

Ci 13 = ji, Ci e A 

is a character of U^{m+). 

By specializing q to a particular value q — e one can obtain a subalgebra f/|(m+) C C^Kfl) with 
similar properties. 

The algebras U^{q),U^{q) and U^{q) can be equipped with remarkable filtrations such that the 
associated graded algebras are almost commutative (see [5^). For r, t G define the height of the 
element Ur^t,t = e^tf^, t G Ug{i}) as follows ht {ur,t,t) = J2i=ii^i + ''i)ht (3i G N, where ht /3i is the 
height of the root (3i. Introduce also the degree of Wr_t,t by 

rf("r,t,t) = iri,...,rD,tD,...,ti,ht (Mr,t,t)) ^ N^^^+l. 

Equip N^^+i with the total lexicographic order and denote by {Ug{g))k the span of elements Ur,t,t 
with (i(wr,t,t) < in U^{g). Then Proposition 1.7 in [S| implies that {U^{g))k is a filtration of U^{q) 
such that the associated graded algebra is the associative algebra over C(g) with generators e^, fa, 
a G A+, tf^,i — l,...l subject to the relations 

titj=tjti, tit.^ =t^ = 1, Ueat^ ^ q 2d ea, ti/at, =q 2rf 

■ 1 + 3 



(6.5) 



Such algebras are called semi-commutative. A similar result holds for the algebras U^{q) and U^{q). 

7. POISSON-LlE GROUPS 

In this section we recall some notions concerned with Poisson-Lie groups (see [7], [TU], [H], |26)V 
These facts will be used in Section [HI to define q-W algebras. 

Let G be a finite-dimensional Lie group equipped with a Poisson bracket, g its Lie algebra. G is 
called a Poisson-Lie group if the multiplication G x G — >■ G is a Poisson map. A Poisson bracket 
satisfying this axiom is degenerate and, in particular, is identically zero at the unit element of the 
group. Linearizing this bracket at the unit element defines the structure of a Lie algebra in the space 
T*G ~ g*. The pair (g,g*) is called the tangent bialgebra of G. 

Lie brackets in g and g* satisfy the following compatibility condition: 
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Let (5 : — > A be the dual of the commutator map [,], : 0* A 0* — > 0*. Then S is a 1-cocycle 
on (with respect to the adjoint action of g on q A g). 

Let c^j,/c'' be the structure constants of 0,0* with respect to the dual bases {ei},{e*} in 0,0*. 
The compatibility condition means that 

s rik i psk , k psi k psi , i psk r> 

'^abJs ~ '^asJb + C^sJb ~ ^bsJa + ^bsJa — ^■ 

This condition is symmetric with respect to exchange of c and /. Thus if (0,0*) is a Lie bialgebra, 
then (0*,0) is also a Lie bialgebra. 

The following proposition shows that the category of finite-dimensional Lie bialgebras is isomor- 
phic to the category of finite-dimensional connected simply connected Poisson-Lie groups. 

Proposition 7.1. (f7|, Theorem 1.3.2) If G is a connected simply connected finite-dimensional 
Lie group, every bialgebra structure on q is the tangent bialgebra of a unique Poisson structure on 
G which makes G into a Poisson-Lie group. 

Let G be a finite-dimensional Poisson-Lie group, (0,0*) the tangent bialgebra of G. The con- 
nected simply connected finite-dimensional Poisson-Lie group corresponding to the Lie bialgebra 
(0*,0) is called the dual Poisson-Lie group and denoted by G* . 

(0,0*) is called a factorizable Lie bialgebra if the following conditions are satisfied (see [10], |22)): 

(1) is equipped with a non-degenerate invariant scalar product (•,•). 

We shall always identify 0* and by means of this scalar product. 

(2) The dual Lie bracket on 0* ~ g is given by 

(7.1) [X, r], - i ([rX, Y] + [X, rY]) , X, F e 0, 

where r G End q is a skew symmetric linear operator (classical r-matrix). 

(3) r satisfies the modified classical Yang-Baxter identity: 

(7.2) [rX, rY] - r{[rX, Y] + [X, rY]) = - [X, F] , X, F G 0. 
Define operators r± G End by 

r± = i (r ± id) . 

We shall need some properties of the operators r±. Denote by b± and riip the image and the kernel 
of the operator r±: 

(7.3) b± = Ira r±, = Ker r±. 

Proposition 7.2. ([J], [21]) Let (0,0*) be a factorizable Lie bialgebra. Then 
(i) b± C g is a Lie subalgebra, the subspace n± is a Lie ideal in b±, = n±. 
(a) n± is an ideal in 0*. 

(Hi) b± is a Lie subalgebra in q* . Moreover b± — 0*/n±. 

(iv) (b±,b5-) is a subbialgebra 0/(0,0*) and (b±,bj_) ~ (b±,b^). The canonical paring between 
b^ and b±is given by 

(7.4) iX^,Y±)± = {X^,rg'Y±), X^ G b^; Y± G b±. 

The classical Yang-Baxter equation implies that r± , regarded as a mapping from 0* into 0, is a 
Lie algebra homomorphism. Moreover, = — r_, and r+ — r_ = id. 
Put c) = ® (direct sum of two copies). The mapping 

(7.5) 0*^1) ■.X^{X+, X_), X± = r±X 

is a Lie algebra embedding. Thus we may identify 0* with a Lie subalgebra in 0. 
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Naturally, embedding (|7.5p extends to a liomomorphisni 

G* ^GxG, {L+,L^). 
We shall identify G* with the corresponding subgroup in G x G. 

8. POISSON REDUCTION 

In this section we recall basic facts on Poisson reduction (see [35], [25]). 
Let M, B, B' be Poisson manifolds. Two Poisson surjections 

M 

/ \ 

B' B 

form a dual pair if the pullback it *C°°{B') is the centralizer of ti*C°°{B) in the Poisson algebra 
C°°{M). In that case the sets B'^^ = tt' (7r~^(6)) , b ^ B are Poisson submanifolds in B' (see [35]) 
called reduced Poisson manifolds. 

Fix an element h £ B. Then the algebra of functions C'^{B'^) may be described as follows. 
Let h be the ideal in C°°{M) generated by elements 7r*(/), / G C°°{B), /(&) = 0. Denote 
Mb = TT^^ib). Then the algebra G°°(A'/f,) is simply the quotient of G°°(M) by h- Denote by 
Pb : G°°(M) C°°{M)/Ib = C°°{Mb) the canonical projection onto the quotient. 

Lemma 8.1. Suppose that the map f /(&) is a character of the Poisson algebra C°°{B). Then 
one can define an action of the Poisson algebra C°°{B) on the space C°^{Mb) by 

(8.1) /•^ = P,(K(/),^}), 

where f £ C°°{B), (p G G°°(Mb) and (p G G°°(M) is a representative of (p in C°°{M) such that 
Pb{<p) — 'P- Moreover, G°°(-B^) is the subspace of invariants in C°°{Mb) with respect to this action. 

Proof. Let (f G C°°{Mb). Choose a representative (p G G°°{M) such that Pbip^) = f- Since the 
map / H> f{b) is a character of the Poisson algebra C°°{B), Hamiltonian vector fields of functions 
'^*{f)y f G C°°{B) are tangent to the surface Mb- Therefore the r.h.s. of (|8.1I) only depends on ip 
but not on the representative (p, and hence formula ()8.ip defines an action of the Poisson algebra 
G°°(P) on the space C°°{Mb). 

Using the definition of the dual pair we obtain that p — 7r'*(-0) for some G G°°(i3^) if and only 
if Pb{{n*{f ),p]) = for every / G G°°(B). 

Finally we obtain that C°°{B'f^) is exactly the subspace of invariants in G°°(A/b) with respect to 
action (|5TT|) . □ 

Definition 8.1. The algebra G°°(i?(,) is called a reduced Poisson algebra. We also denote it by 
G-(Mb)C^°°(^). 

Remark 8.4. Note that the description of the algebra C°°{Mb)'^ obtained in Lemma \8.1\ is 
independent of both the manifold B' and the projection tt'. Observe also that the reduced space 
B'jj may be identified with a cross-section of the action of the Poisson algebra C°°{B) on Mb by 
Hamiltonian vector fields in case when this action is free. In particular, in that case i?^ may be 
regarded as a submanifold in Mb. 

An important example of dual pairs is provided by Poisson group actions. Recall that a (local) 
Poisson group action of a Poisson-Lie group A on a Poisson manifold M is a (local) group action 
A X M M which is also a Poisson map (as usual, we suppose that A x M is equipped with the 
product Poisson structure). 
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In [25] it is proved that if the space M/A is a smooth manifold, there exists a unique Poisson 
structure on M/A such that the canonical projection M M/A is a Poisson map. 

Let a be the Lie algebra of A. Denote by (■, ■) the canonical paring between a* and a. A map 
: M — !> A* is called a moment map for a (local) right Poisson group action A x M M if (see 

m) 

(8.2) L^^={fi*{dA-^),X){^^), 

where 9 a* is the universal right -invariant Maurer-Cartan form on. A* , X £ a, X is the corresponding 
vector field on M and £,,p is the Hamiltonian vector field oi (f G C°°{M). 

By Theorem 4.9 in |20| one can always equip A* with a Poisson structure in such a way that /i 
becomes a Poisson mapping. From the definition of the moment map it follows that if AI/A is a 
smooth manifold then the canonical projection M M/A and the moment map pi : M ^ A* form 
a dual pair (see [20^ for details). 

The main example of Poisson group actions is the so-called dressing action. The dressing action 
may be described as follows (see [20], [25]). 

Proposition 8.2. Let G be a connected simply connected Poisson-Lie group with factorizable tan- 
gent Lie bialgebra, G* the dual group. Then there exists a unique right local Poisson group action 

G* xG^G*\ {{L+,L^),g) ^ go{L+,L^), 

such that the identity mapping fi : G* G* is the moment map for this action. 
Moreover, let q : G* ^ G be the map defined by 

g(L+,i_) = L_L;i. 

Then 

q{go{L+,L^))=g-'L^L^'g. 

The notion of Poisson group actions may be generalized as follows. Let Ax M M be a Poisson 
group action of a Poisson-Lie group A on a Poisson manifold M. A subgroup if C A is called 
admissible if the set (M)^ of ii'-invariants is a Poisson subalgebra in C°° (M). If space M/K 
is a smooth manifold, we may identify the algebras C°° {M / K) and C°° (M) . Hence there exists 
a Poisson structure on M/K such that the canonical projection M — > M/K is a Poisson map. 

Proposition 8.3. (f5F, Theorem 6; §2) Let (a, o*) be the tangent Lie bialgebra of a Poisson- 
Lie group A. A connected Lie subgroup K (Z A with Lie algebra £ C a is admissible if the annihilator 
of i in a* is a Lie subalgebra Co*. 

We shall need the following particular example of dual pairs arising from Poisson group actions. 

Let A X M ^ M he a right (local) Poisson group action of a Poisson-Lie group A on a manifold 
M. Suppose that this action possesses a moment map pi : M ^ A*. Let K be an admissible 
subgroup in A. Denote by i the Lie algebra of K. Assume that t-^ C a* is a Lie subalgebra in a*. 
Suppose also that there is a splitting a* = t © t-*" , and that t is a Lie subalgebra in a* . Then the 
linear space i* is naturally identified with t. Assume that A* ~ K^T as a manifold, where K^,T 
are the Lie subgroups of A* corresponding to the Lie subalgebras 4^ , t C a* , respectively. Denote 
by TT^i , ttt the projections onto K^ and T in this decomposition. Suppose that K-^ is a connected 
subgroup in A* and that for any G K^ the transformation 

(8.3) t^t, 

t ^ (Ad(fc^)t)t, 

where the subscript t stands for the t-component with respect to the decomposition a* = t © t-*- , 
is invertible. The following proposition is a slight generalization of Theorem 14 in [30) . The proof 
given in [30] still applies under the conditions imposed on K, K^ and T above. 
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Proposition 8.4. Define a map /j. : M ^ T by 

Then 

(i) JI* {C°° (T)) is a Poisson subalgebra in C°° (M), and hence one can equip T with a Poisson 
structure such that Ji : M T is a Poisson map. 

(ii) Moreover, the algebra C°° (M)^ is the centralizer of Jl* (C°° (T)) in the Poisson algebra 
C°° (M). In particular, if M / K is a smooth manifold the maps 

M 

M/K T 

form a dual pair. 

Remark 8.5. Let t (z T be as in Lemma \8. 11 Assume that 7r(/I-i(t)) is a smooth manifold (M/K 
does not need to be smooth). Then the algebra G°°{'KijL~^{t))) is isomorphic to the reduced Poisson 
algebra C°°{jl-\t))^°°'^^l 

Remark 8.6. In the proof of Theorem 14 in [30| we obtained a formula which relates the action 
of the Poisson algebra Jl* {C°° (T)) and the action of K on C°° (M). Let X G { and X be the 
corresponding vector field on M, £^^p the Hamiltonian vector field of ip ^ C°°{AI). Then 

L^cp = {Ad{^TK^^l){Ji*^T),X){^^) = 

(8.5) 

where 9t is the universal right invariant Cartan form on T . 



9. Quantization of Poisson-Lie groups and q-W algebras 

Let g be a finite-dimensional complex simple Lie algebra, (} C its Cartan subalgebra. Let s £W 
be an element of the Weyl group W of the pair (g, f)) and A+ the system of positive roots associated 
to s. Observe that cocycle ()4.12p equips g with the structure of a factorizable Lie bialgebra. Using 
the identification End g = g (E) g the corresponding r-matrix may be represented as 

1 + s 

r^ =P^-P_ + ^P^,, 
1 — s 

where P-^-,P^ and Pf,' are the projection operators onto n+,n_ and f)' in the direct sum 

= n+ + f)' + f)'^+n_, 

where i}''^ is the orthogonal complement to f)' in f) with respect to the Killing form. 

Let G be the connected simply connected simple Poisson-Lie group with the tangent Lie bialgebra 
(g,g*), G* the dual group. Note that by Proposition 17 in [30] Poisson-Lie groups G* correspond- 
ing to different Weyl group elements s € W are isomorphic as Poisson manifolds, and as Poisson 
manifolds all Poisson-Lie groups G* are isomorphic to the Poisson-Lie group Gq associated to the 
standard bialgebra structure on g with r = P+ — P_ . This is the quasiclassical version of Theorem 

EH 

Observe that G is an algebraic group (see §104, Theorem 12 in [36]). 
Note also that 
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and hence the subspaces b± and n± defined by ()7.3p coincide with the Borel subalgebras in g and 
their nihadicals, respectively. Therefore every element (L+,L_) G G* may be uniquely written as 

(9.1) iL+,L^) = {h+,h^){n+,n^), 

where n± £ N±, hj^ — exp{{j^Pf^' + ^P^t±)x), /i_ = exp{{j--^Ptj' ~ ^P^^t±)x), x £ f). In particular, 
G* is a solvable algebraic subgroup in G x G. 

In terms of factorization (j9.1[) and a similar factorization in the Poisson-Lie group Gq, 

{L'^,L'_) = {h'^,h'_){n'^,n'_), n± G N±, h'^ = exp{^x'), h'_ = exp{~^x'), x' G f), 
the Poisson manifold isomorphism Gq G* established in Proposition 17 in [30] takes the form 

L' ^tL't-^ = L, L' eGl,L eG*, L' = L'_{L'^)-\ L = L-L^\ t ^ e^""' , 
where A G End f) is an arbitrary endomorphism of f) commuting with s and satisfying the equation 

1 1 + s „ 

For every algebraic variety V we denote by C[y] the algebra of regular functions on V . Our 
main object will be the algebra of regular functions on G*, C[G*]. This algebra may be explicitly 
described as follows. Let Try be a finite-dimensional representation of G. Then matrix elements 
of 7ry(L±) are well-defined functions on G* , and C[G*] is the subspace in G°°(G*) generated by 
matrix elements of t^v{L±), where V runs through all finite-dimensional representations of G. 

The elements L^'^ — 7ry(L±) may be viewed as elements of the space C[G*] ® EndF. For every 
two finite-dimensional q modules V and W we denote r^^^ — (Try (8)Trvi^)r^, where is regarded 
as an element of g g. 

Proposition 9.1. ([IHl^ Section 2) C[G*] is a Poisson subalgebra in the Poisson algebra C°°{G*), 
the Poisson brackets of the elements L^'^ are given by 



(9.2) 



where 

and Ix is the unit matrix in X . 

Moreover, the map A : C[G*] — !■ C[G*] $D C[G*] dual to the multiplication in G* , 

(9.3) A(L=^--).^4'-«L^-, 

k 

is a homomorphism of Poisson algebras, and the map S : C[G*] — > C[G*], 
is an antihomomorphism of Poisson algebras. 

Remark 9.7. Recall that a Poisson-Hopf algebra is a Poisson algebra which is also a Hopf al- 
gebra such that the comultiplication is a homomorphism of Poisson algebras and the antipode is 
an antihomomorphism of Poisson algebras. According to Proposition \9.1\ C[G*] is a Poisson-Hopf 
algebra. 
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Now we construct a quantization of the Poisson-Hopf algebra C[G*]. For technical reasons we 
shall need an extension of the algebra U^{g) to an algebra U^,{g) = U^{g) 0^ A', where A' = 

C[g^ , , pj— , ■ . ■ , , /. Note that the ratios have no singularities when 

q = 1, and we can define a localization, A' /{I — q^)A' = C as well as similar localizations for other 
generic values of e, A' /{e^d — (723)^' = C and the corresponding localizations of algebras over A' . 
Uj(,{q) is naturally a Hopf algebra with the comultiplication and the antipode induced from Uj^{g). 

First, using arguments similar to those applied in the end of Section[6]where we defined the action 
of the element TZ^ in tensor products of finite-dimensional representations, one can show that for 
any finite-dimensional U^{q) module V the invertible elements '^L^'^ given by 

"1+'^ ^ {id ® TTv)Tl'2i'^ ^ {id (g) 7ry5")7e^i, ^i"'^ = {id » TTv)n''. 

are well-defined elements of U^{q) EndV^ (compare with 11 ). If we fix a basis in V, ^i^'^ may 
be regarded as matrices with matrix elements ('L^'^)ij being elements of U^{q). We also recall 
that one can define an operator = {ttv O ttw)TZ'' (see Section |6]). 

From the Yang-Baxter equation for TZ we get relations between ^i^'^: 

(9.4) R^^OLf'^^'iLf^^ = "Lf^^Lf'^R^'^, 



we understand the following matrices hi V ®W with entries being elements of 



(9.5) = 
By 

U%{q): 

9Lf = Ui''^ ® Iv, ^Iw® "L^^"", 

where Ix is the unit matrix in X. 

From p.7p we can obtain the action of the comultiplication on the matrices ^L^^^: 

(9.6) A,(U±'^)=^«i±/0«4:^ 

k 

and the antipode, 

(9.7) 5,(U±'^) = (^L±^^)-.\ 

We denote by C^' [G*] the Hopf subalgebra in U^, (g) generated by matrix elements of {'^L'^'^)^^, 
where V runs through all finite-dimensional representations of f/_^(g). 

Since TZ'^ = 1(8)1 (mod h) relations (|9.4I) and (|9.5I) imply that the quotient algebra C^' [G*]/{q^ — 
1)Ca'[G*] is commutative, and one can equip it with a Poisson structure given by 

(9.8) {^,,^,}^ 1 i^l^ (nrod(q^-l)), 

Za q2d — 1 

where ai,a2 £ Ca'[G*] reduce to xi,X2 £ CA'[G*]/{qid ~1)Ca'[G*] (mod (q^ -!))■ Obviously, the 
maps (|9.6p and (|9.7p induce a comultiplication and an antipode on Ca'[G*]/ {q^d — 1)C_a'[G*] com- 
patible with the introduced Poisson structure, and the quotient Ca'[G*]/ {q^ — 1)C^'[G*] becomes 
a Poisson-Hopf algebra. 

Proposition 9.2. ([32], Proposition 10.2) The Poisson-Hopf algebra CA'[G*]/{q^ ~ 1)Ca'[G*] 
is isomorphic to C[G*] as a Poisson-Hopf algebra. 

We shall call the map p : Ca'[G*] CA'[G*]/{q^ - 1)C^'[G*] = C[G*] the quasiclassical limit. 
From the definition of the elements 'L^'^ it follows that C^'[G*] is the subalgebra in U^,{g) 

generated by the elements H^^itf^'^''", 11^=1 ^f^'^^'N i = i,---l, e/3 = (1 - qp'^)ef), = (1 - 
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Now using the Hopf algebra C^'[G*] we shall define quantum versions of W-algebras. From 
the definition of the elements ''L^'^ it follows that the matrix elements of ^L^'^^^ form Hopf 
subalgebras C_4'[^±] C C^' i that C^'[G*] contains the subalgebra C^'[iV_] generated by 
elements ep = {1 — )e^, /3 G 

Suppose that the ordering of the root system A+ is fixed as in formula (|5.8p . Denote by Ca' [M-] 
the subalgebra in Ca'[N-] generated by elements ep, fi € Am+. 

By construction C^'[Af-] is a quantization of the algebra of regular functions on the algebraic 
subgroup 7V_ C G* corresponding to the Lie subalgebra n_ C g*, and C^'[il/_] is a quantization 
of the algebra of regular functions on the algebraic subgroup A/_ C G* corresponding to the Lie 
subalgebra m_ C g* in the sense that p{Ca'[N-]) = C[iV„] and p(C^/[M_]) = C[M_]. We also 
denote by M_|_ the algebraic subgroup Af+ C G* corresponding to the Lie subalgebra m+ C g*. 

We claim that the defining relations in the subalgebra C^' [-M_] are given by a formula similar to 
(|6.4p . Indeed, consider the defining relations in the subalgebra U\{m+), 

Q<5i<...<(5„<^ 

where C"(fci, . . . , fc„) G A. Commutation relations between quantum analogues of root vectors 
obtained in Proposition 4.2 in jlTj imply that each function C"(A:i, . . . , /e„) has a zero of order 
A:i + . . . + fc„ — 1 at point q = 1. Therefore one can write the following defining relations for the 
generators = (1 — q'^'^)ep, (3 <E Am^ in the algebra C^'[M_], 

(9.9) e„e> - g("-^)+(^^.''*"'«e>e„ = ^ . . . , fc„)et g,^^^ . . . e^", 

a<Si<...<5n<l3 

where C"{ki, . . . , fc„) G A', and each function C"(fci, . . . , fc„) has a zero of order 1 at point q = I- 

Now arguments similar to those used in the proof of Theorem 15.31 show that the map Xq ■ 
Ca'[M^]^A', 

/3^{7i,-.-,7z'} 

h (3^j.„kieA' ' 

is a character of Cyi'[Af_]. Denote by C;^^ the rank one representation of the algebra C^'[Af_] 
defined by the character Xq- 

For any finite-dimensional f/^(g)-module V let = = (id (g) 7^^/)7^*7^^l. Let 

C^' be the ^'-subalgebra in C^/[G'*] generated by the matrix entries of "^L^, where V runs 
over all finite-dimensional representations of ?7^(g). From the commutation relations for elements 
'^L^'^ it follows that '^L^ satisfy the following relations: 

j^VW q j^W j^WV q j^V _ qj^Vj^VWqj^Wj^WV 

Define the right adjoint action of Uj^, (g) on t/jj, (g) by the formula 

(9.11) Ada;(u;) = S^^{x2)wxi, 

where we use the abbreviated notation for the coproduct As{x) ~ xi ($> X2, x £ U^,{q), w £ U^,{q). 
Note that by Lemma 2.2 in [M] 

(9.12) Adx{wz) ^ Adx2{w)Adxi{z). 

Observe also that by definition the adjoint action introduced above is dual to a restriction of the 
dressing coaction of the quantization of the algebra of regular functions on the Poisson-Lie group G 
on the space C^'[G*]. Therefore the subspace C^'[G*] C U^,{q) is stable under the adjoint action. 
The subalgebra C^'[G*] C Ca'[G*] is also stable under the dressing coaction (see [26], Section 3), 
and hence C^' [G*] is stable under the adjoint action. 



(9.10) X^(e» = 
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Proposition 9.3. Let e C be generic such that [r]^. ! ^ 0, e ^ 0, i = 1, . . . ,1. Define the complex 
associative algebra Ce[G,] = Cj,'[G^]/ {q^ — e^a )C^' [^*] • Then the algebra Cj[G'*] can be identified 
with the Ad locally finite part U^ig)^"^ ofU^{Q), 

C/|(0)/™ = {x e C/|(0) : dim(Ad[/|(0)(x)) < +oo}, 

where the adjoint action of the algebra U^{q) on itself is defined by formula 119. 

Proof. Indeed, let Vi, i = 1, . . . ,1 he the fundamental representations of C/^(g) with highest weights 
Yi, i = 1, . . . ,1. From formula (|4.10l) and from the definition of 'L^ = {id ® tvv)TI'''R-21 it follows 
that the matrix element {id®v*)Tl'^TZ2i{id®Vi) oi'^L^' corresponding to the highest weight vector 
Vi of Vi and to the lowest weight vector v* G V* of the dual representation V*, normalized in 
such a way that v*{vi) = 1, coincides with L|. This implies that Lf are elements of the algebra 
Ce[G*] C U^{g) as well. Denote by C Ce[Gi,] C U^{q) the subalgebra generated by the elements 
L^i G Ce[G*], i = l,...,l. By Theorem 7.1.6 and Lemma 7.1.16 in [13] C7^*(fl)^" = Adf/^"(0)^. Since 
C£[G*] is stable under the adjoint action we have an inclusion, f/^(0)'^*" C Ce[G,]. On the other 
hand from formula (3.26) in [55] it follows that the dressing coaction on Ce[G»] is locally cofinite, 
and hence the adjoint action of U^{q) on Ce[G*] is locally finite. Hence Ce[G*] C U^{q)^"^, and 
Ce[G,] = U^isy^". □ 

Denote by Iq the left ideal in C^'[G*] generated by the kernel of Xq^ and by p^s the canonical 
projection C^'[G*] C^'[G*]//g. Let Q^/ be the image of C^'[G,] under the projection p^s. 

Assume that the roots 71 , . . . , 7„ are simple or that the set 71 , . . . , 7„ is empty, and hence 
the segment A^i is of the form A^i = {71,..., 7„}. Then from formula (14.13^ it follows that 
A,{U%im+)) C f/ji,(m+) U%{b+), where ?7^,(m+) = U'^{m+) ®a A', ?7^,(b+) = U%{b+) ®^ A'. 

Now observe that from the definition of the normal ordering (|5.8p it follows that the r.h.s. in 
formula (|9.9p belongs to the subspace (1 — g~^)KerXg and hence dividing (|9.9p by {l — q~^) we obtain 

(9.13) e„e> - g("'^)+(^^"""'«e>e„ = ^ C"\k,, KYe'^lill . . . 1]^, 

a<Si<...<5„<l3 

where C"'{h, ...,K) = C"{h, fc„)/(l - q-^) G A'. 

Therefore we have the inclusion [C/^, (m+), Kerx^] C Kerx^. Using this inclusion, formula (|9.11l) . 
the fact that As([/_^, (m+)) c C/jj,(m+) Uj^,{b+) (see formula (|4.13p ) we deduce that the adjoint 
action of U^, (tri-i-) on C^' [G,] induces an adjoint action on Q^' which we also call the adjoint action 
and denote it by Ad. 

Let C^' be the trivial representation of [/j^,(m+) given by the counit. Consider the space Wq{G) 
of Ad~invariants in Q^' , 

(9.14) W^{G)=llomu^^,i,n+){CA',QA')- 

Proposition 9.4. Wq{G) is isomorphic to the subspace of all v + Iq € such that mv G Iq (or 
[m, v] G Iq) in Ca' [G*] for any m G Iq, where v G C^' [G*] is any representative of v + Iq G Q^, ■ 
Multiplication in C^' ['-'*] induces a multiplication on the space Wq{G). 

Proof. From formulas (|4.13p and (|9.13l) it follows that for f3k G Am+ 

(9.15) A,(e0j=e0, «)e''^T^^"'+^'i'^'^" + l(^e^, +x, x e I<p, (g, U%{b+), 

where I<Pk the intersection of the ideal Iq and of the subalgebra in C^'[M_] generated by ep^, 
< /?,. < 

Recall that S^^ is the antipode for the comultiplication A°p^' and hence from the definition of 
the antipode, the fact that S~^{U^,{b+)) C U^,{b+) and inclusion (|9.15p we must have 

S:\e,J + e-'^^rhP.+',,.)f^\^^^UX,{b^)I,,,. 
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Therefore 

Now the last formula, formula (|9.15p and the definition of the adjoint action of U^,{m+) on Q'^ 
imply that for any representative v G C_4'[G*] of any element v + Ig (z Qa' we have the following 
identity in Ca'[G*] 

(9.16) Adep.v = - ^ e-''(T^n>+n>^)/^"(g^^-;^^(g^J)^+,^^ + ^, y g U%{b+)I^p,, z S 

From the last identity it obviously follows that if mv € Iq in Ca' [G*] for any m ^ Iq then v + Iq 
is invariant with respect to the adjoint action. 

Now let V + Iq £ Qa' , be an element which is invariant with respect to the adjoint action, 

Adx{v) = e{x)v + z', x e U'X,{m+), z' £ Iq. 

Since /3i G A,t,^ is the first positive root in the normal ordering (j5.8p we have /<;3i = 0, and 
(|9.16p implies that 

z' = Adep.v = - ^_ e-''(A^-^'+^^'"^^^'(e>, - xl{e0,))v + z, z £ Iq. 
(1 - ) 

We obtain from the last identity that 

which is obviously possible only in case if (e^^ — X^i'^Pi))'^ ^ ^gi i-S- when 

(e/3i -Xg(e/3i))w £ Iq- 
Now we proceed by induction. Assume that 

-Xg(e/3j)v £ Iq 

for < /3r < /3fc. From (j9.16p we have 

By the induction hypothesis I<p^v £ Iq, and hence 

Finally an argument similar to that applied in case k = 1 shows that {ep^, — Xq(e^j.))u G Iq. This 
establishes the induction step and proves that 

(9.17) (e/3.-X?(e>J)«G/, 

for any (3 £ A^^. Since as a left ideal Iq is generated by the elements e^^ — Xq(e^^), S A,„+ (|9.17p 
proves that mu G /g in C^' [G*] for any m £ Iq. 

Now if vi,V2 £ Ca' [G*] are any representatives of elements vi + Iq,V2 + Iq £ Wq{G) the formula 

{Vl + Iq){v2 + Iq) = V1V2 + Iq 

defines a multiplication in Wq{G). □ 
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We call the space W^{G) equipped with the multiplication defined in the previous proposition 
the q-W algebra associated to (the conjugacy class of) the Weyl group element s G W. 

Now consider the Lie algebra associated to the associative algebra C^/[M_], i.e. is the 
Lie algebra which is isomorphic to C^'[M_] as a linear space, and the Lie bracket in is given 
by the usual commutator of elements in Cyi'[-A/_]. 

Define an action of the Lie algebra £a' on the space Ca'[G*]/ Iq: 

(9.18) m- {x + Iq) ^ p^s{[m,x]). 

where x G C^'[G*] is any representative oi x + Iq G C^'[G*]//q and m £ C^'[M_]. The algebra 
Wq{G) can be regarded as the intersection of the space of invariants with respect to action (|9.18p 
with the subspace Qa' C C^'[G*]//g. 

Note also that since Xq is a character of Ca'[M-] the ideal Iq is stable under that action of 
C^'[M_] on C^'[G*] by commutators. 

Denote by C^^s the rank one representation of the algebra C^'[A/_] defined by the character 
Xq- Using the description of the algebra Wq{G) in terms of action (|9.18p and the isomorphism 
Ca'[G*]/ Iq — Ca'[G*] ®c_^, [m_] one can also define the algebra Wq{G) as the intersection 

W^iG) = Homc^,[M_](Cx5,C^'[G1 ®c^,[a./_] C^^) nQ^-. 
Using Frobenius reciprocity we also have 

Homc^,[Af_](Cx5,C^'[G*] ®c^,[M_] Cx=) = Endc^, [q.] (C^^G*] ®c^,[m_] C^^). 
Hence the algebra W^{G) acts on the space Ca'[G*] (8>c^,[m_] '^x^ from the right by operators 
commuting with the natural left C^' [G*] -action on Ca'[G*] <8)c^/[m_] '^Xg- ^^e definition of 
Wq{G) this action preserves Qa' and by the above presented arguments it commutes with the 
natural left Ca' [G*]-action on Qa' ■ 

Thus Qa' is a CA'[G*]-Wq{G) bimodule equipped also with the adjoint action of [/^, (m+). By 
(|9.12p the adjoint action satisfies 

(9.19) Adx{yv) = Ada;2(2/)Adxi(u), x G U%{m+), y £ Ca'[G4,v e Qa', 
and As{x) — xi X2- 

Denote by vq the image of the element 1 G C^' [G»] in the quotient Qa' under the canonical 
projection C^^G**] Qa'- Obviously vq is the generating vector for Qa' as a module over Ca'[G*]. 
Using formula (|9.19p and recalhng that Qa' is a C^' [G,]~Vy^(G) bimodule, for x G U^,{m+),y G 
C^' [G,], and for a representative w G Ce[G,] of an element w + Iq G W^{G) we have 

Adx{wyvo) = Adx{ywvQ) — Adx2{y)Adxi{wvo) — 
= Adx2{y)s{xi)wvo = Adx{y)wvo = wAdx(yvo). 
Since Qa' is generated by the vector vq over C^'[Gh.] the last relation implies that the action of 
Wq{G) on Qa' commutes with the adjoint action. 

We can summarize the results of the above discussion in the following proposition. 

Proposition 9.5. The space Qa' is naturally equipped with the structure of a left CA'[Gi,] -module, 
a right U^,{m+) -module via the adjoint action and a right Wq{G) -module in such a way that the 
left C A' [G^:] -action and the right U^,{m.+ ) -action commute with the right W^{G) -action and com- 
patibility condition i9. 1 9]) is satisfied. 

In conclusion we remark that by specializing g to a particular value e G C such that [r]^. ! ^ 0, e'*' ^ 
0, i = 1,...,/, one can define a complex associative algebra Ce[G*] = Ca'IG*]/ {q'^ — e2d)C^'[G*], 
its subalgebra C£[M_] with a nontrivial character xl and the corresponding W-algebra 

(9.20) W^{G) = Homy.(„^)(Q,Oe), 
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where Ce is the trivial representation of the algebra [/g(m+) induced by the counit, Qe — Q A' / Q A' {q'^ ■ 

£23). 

Obviously, for generic e we have W^{G) = Wq{G) / {q'^ - e^)W^{G). 

10. POISSON REDUCTION AND Q-W ALGEBRAS 

In this section we shall analyze the quasiclassical limit of the algebra VF^(G). Using results of 
Section |8] we realize this limit algebra as the algebra of functions on a reduced Poisson manifold. 
We assume again that the roots 71 , . . . , 7„ are simple or that the set 71 , . . . , 7„ is empty. 

Denote by the character of the Poisson subalgebra C[M_] such that x^{p{^)) = Xq{^) (mod (g^a - 
1)) for every x e C^'[M_]. 

Note that under the projection p : C_a'[G*] — > C^'[G'*]/(1 — '?^)Cyi'[G*] and the canonical 
projection t7jj,(m+) J7_^,(m+)/[/jj,(m+)(l — 523) — U{m+) the right adjoint action of U^,{m+) 
on Cyi'[G*] induces the right infinitesimal dressing action of U{m+) on C[G*], and the image of the 
algebra C^' [G*] under the projection p is a certain subalgebra of C[G*] that we denote by C[G*]. Let 
/ — p{Iq) be the ideal in C[G*] generated by the kernel of x^- Then by the discussion after formula 
(I9l8ll the Poisson algebra WiG) = W^{G)/{q^ - ^)W^{G) is the subspace of all a; + / e Qi, 
gi = Q^'/(l - q^)QA' C C[G*]//, such that {m,x} e / for any m £ C[M_], and the Poisson 
bracket in WiG) takes the form {{x + 1), {y + 1)} = {x,y} + 1 , x + 1 ,y + 1 e W {G). We shall also 
write WiG) = (C[G*]//)^[*^-l n Qi, where the action of the Poisson algebra C[M_] on the space 
C[G*]/I is defined as follows 

(10.1) x-iv + I)^ p^s({x,v}), 

V G C[G*] is any representative of v + 1 e C[G*]/I and x G C[M_]. 

We shall describe the space of invariants (C[G*]//)'''[^-l with respect to this action by analyzing 
"dual geometric objects". First observe that algebra (C[G*]//)^[^^"1 is a particular example of the 
reduced Poisson algebra introduced in Lemma |8. II 

Indeed, recall that according to (|9.ip any element (L+,i_) G G* may be uniquely written as 

(10.2) (i+,L_) = (/^+,/i_)(7i+,n_), 

where n± G iV±, h+ = exp{{j^Pt,' + ^Pf^,±)x), /i_ = ea;p((j^P(,/ - ^Pf^,±)x), x el). 



Formula (19. ip and decomposition of iV_ into products of one-dimensional subgroups correspond- 
ing to roots also imply that every element i_ may be represented in the form 

l\pexp[bpX_p], bi.bf} G C, 

where the product over roots is taken in the same order as in normal ordering 
Now define a map /iM+ : G* — > M_ by 

(10.4) ^M^(L+,L_) = TO_, 

where for L_ given by (|10.3p m_ is defined as follows 

m_ = Y\_ exp[bpX_p\, 

and the product over roots is taken in the same order as in the normally ordered segment A^^. . 

By definition /iM+ is a morphism of algebraic varieties. We also note that by definition C[Af_] = 
{f G C[G*] : ip — (^(m_)}. Therefore C[M_] is generated by the puUbacks of regular functions 
on M_ with respect to the map pm+- Since C[M_] is a Poisson subalgebra in C[G*], and regular 
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functions on Af_ are dense in C°°{M-) on every compact subset, we can equip the manifold M_ 
with the Poisson structure in such a way that /iM+ becomes a Poisson mapping. 
Let u be the element defined by 

(10.5) u = '[\exp[tiX-^^] e M-,U = ki (mod {q^ - 1)), 

i=l 

where the product over roots is taken in the same order as in the normally ordered segment A,,,^ . 

Denote by p : Ca'[G*] C^'[G*]/(qA - 1)Ca'[G*] = C[G*] the canonical projection. By 
Proposition 19.21 the elements = {p (g) pv){'' L^'^) belong to the space C[G*] ® EndF, where 

Pv ■ V ^ V = V/{q^ — 1)V is the projection of finite-dimensional ^7J^(0)-module V onto the 
corresponding g-module V, and the map 

CA'[G*]/{q'^ - 1)Ca'[G*] ^ C[G*], L^^^ L^'^ 
is an isomorphism. In particular, from (|4.10p it follows that 

(^Og) L-'^ ^ip(gid)exp[j:\^,hH,(g7ry{{-^^Pt,'+Pt,>^)Y,) 

exp[p{{l - q^^)ep) TVyiX-p)]. 

From (|10.6p and the definition of we obtain that x'^iv) = ¥'(") ^oi every (p 6 C[Af„]. 
naturally extends to a character of the Poisson algebra C°° (M_ ) . 

Now applying Lemma 18.11 for M = G* , B = M_ , tt = /iM+ , b — u we can define the reduced 
Poisson algebra G°^{iJ,^ (m))<^°°(*^-) (see also Remark [HI). Denote by J„ the ideal in C°°{G*) 
generated by elements i1*m^4>, e C°°(M_), V(") = 0. Let P„ : C°°{G*) ^ C°°{G*)/Iu = 
C°°{fijj^{u)) be the canonical projection. Then the action (|8.ip of C°°(A/_) on C°°(/i^/^ (u)) takes 
the form: 

(10.7) ^■ip = Pu{{^iMJ,^}), 

where -0 G C°°(M_), iy9 e C°°(^^/ (u)) and £ C°°(G'*) is a representative of ip such that P„(^ = (p. 



Lemma 10.1. ^Ji,}^j^{u) is a subvariety in G* . Moreover, the algebra C[G*]// is isomorphic to the 
algebra of regular functions on /x^j^(u), C[G*]// = C[/i^/^(u)], and the algebra W^{G) is isomorphic 
to the algebra of regular functions on the closure q{^'^j^{u)) of q(fj,Jj^(u)) in G which are invariant 
with respect to the action I10.7\ ) of C°°{M^) on C°°(^^/ (m)), i.e. 



W^G) = C[q{^,l}{u))]r^C^{y^ll{u)f^^^^'-^ 



Proof. By definition (u) is a subvariety in G* . Next observe that / = C[G*] n /„. Therefore by 
the definition of the algebra C[G*] and of the map /LtM+ the quotient C[G*]// is identified with the 
algebra of regular functions on /i^/ (u) . 

Since C[Af_] is dense in G°°(Af_) on every compact subset in we have: 

C-(a^m^,(«))^°°(*^-)=G-(^^/^(.))^[^-^-1. 

Finally observe that action ()10.7p coincides with action (jlO.ip when restricted to regular functions, 
and that the image of the map q : G* — G is open in G; its closure coincides with G. Therefore by 
definition Qi = C[q{^i~}^{u))] and W'{G) = (C[G*]//)^[*^"1 n Qi. □ 

We shall realize the algebra G°°(^^/^ {u))^°°'^^''^-'> as the algebra of functions on a reduced Poisson 
manifold. In the spirit of Lemma 18.11 we shall construct a map that forms a dual pair together with 
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the mapping /i m+ • In this construction we use the dressing action of the Poisson-Lie group G on 
G* (see Proposition [82]) • 

Consider the restriction of the dressing action G* x G — t- G* to the subgroup M+ C G. According 
to part (iv) of Proposition 17.21 (b+, b_) is a subbialgebra of (0,0*)- Therefore i?+ is a Poisson-Lie 
subgroup in G. We claim that Af+ C i?+ is an admissible subgroup. 

Indeed, observe that since the roots 71, . . . , 7„ are simple we have A^i = {71, . . . , 7„}, and the 
complementary subset to A^^ in A_(. is a minimal segment Aj]^^ with respect to normal ordering 
(|5.8|) . Now using Proposition 17.21 (iv) the subspace in b_ can be identified with the linear 
subspace in b_ spanned by the Cartan subalgebra f) and the root subspaces corresponding to the 
roots from the minimal segment — AJJ,^ . Using the fact that the adjoint action of f) normalizes root 
subspaces and Lemma [5^ we deduce that C b_ is a Lie subalgebra, and hence M+ C B+ is an 
admissible subgroup. Therefore C°°{G*Y^+ is a Poisson subalgebra in the Poisson algebra C°°{G*). 

Proposition 10.2. ([32], Proposition 11.2) Assume that the roots ^1, ... ,jn are simple. Then 
the algebra C°°{G*)^+ is the centraUzer 0/ a^m^^ (G°° (M_)) in the Poisson algebra C°°{G*). 

Proof. First recall that, as we observed above, Bj^ is a Poisson-Lie subgroup in G. By Proposition 
18.21 for X e b+ we have: 

(10.8) Ljf^(L+,i_) = ((?G.(L+,i_),X)(e^) = {r-_'^l*B^{eB_),X){^,^), 

where X is the corresponding vector field on G* , is the Hamiltonian vector field of (yS £ C°° (G* ) , 
and the map /i^^ : G* — i?„ is defined by iib+{L+, L^) — L_. Now from Proposition 17.21 (iv) and 
the definition of the moment map it follows that is a moment map for the dressing action of 
the subgroup i?+ on G*. 

We also proved above that M+ is an admissible subgroup in the Lie-Poisson group 5+. Moreover 
the dual group i?_ can be uniquely factorized as B- = M^M-, where C i?_ is the Lie subgroup 
corresponding to the Lie subalgebra C b_. 

We conclude that all the conditions of Proposition [HiU are satisfied with A = B+,K — M+,A* — 
B_,T = M^,K'^ = M^,H = ^iB+- It follows that the algebra G°°(G*)^^+ is the centralizer of 
/^M+ (G°° (M_)) in the Poisson algebra G°°(G*). This completes the proof. □ 

Let G*/A/+ be the quotient of G* with respect to the dressing action of Af+, tt : G* — s> G*/M+ 
the canonical projection. Note that the space G* /M+ is not a smooth manifold. However, in the 
next section we will see that the subspace T^iPM^ (v)) C G* /M+ is a smooth manifold. Therefore by 
Remark[83]the algebra G°°(7r(^^/^ (u))) is isomorphic to G°°(AiM+ 

11. Cross-section theorem 

In this section, following [32], we describe the reduced space 7r(/ij/ {u)) C G* /M+ and the algebra 
(G) assuming again that the roots 71 , . . . , 7„ are simple or that the set 71 , . . . , 7„ is empty. 

First observe that using the map q : G* ^ G and Proposition 18.21 one can reduce the study 
of the dressing action to the study of the action of G on itself by conjugations. This simplifies 
many geometric problems. Consider the restriction of this action to the subgroup M+. Denote by 
TTg : G — 7> G/M+ the canonical projection onto the quotient with respect to this action. 

First we describe the image of the "level surface" A*m+(") under the map q. Let Xa{t) — 
e'}cp{tXa) G G,t G Che the one-parametric subgroup in the algebraic group G corresponding to root 
a 6 A. Recall that for any a G A+ and any t the element Sa{t) — Xa{—t)X^a{t)Xa{~t) G G 
is a representative for the reflection Sa corresponding to the root a. Denote by s G G the following 
representative of the Weyl group element s G VF, 

(11.1) s^s^^{ti)...s^^,{ti,), 
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where the numbers ti are defined in (jlO.Sp . and we assume that U ^ for any i. 
We shaU also use the following representatives for and 

— S^j(ii) . . . S^^(tn), — . . . Sj^,{tii). 

Let Z be the subgroup of G corresponding to the Lie subalgebra 3 generated by the semisimple 
part m of the Levi subalgebra I and by the centralizer of s in (). Denote by N the subgroup of G 
corresponding to the Lie subalgebra n and by N the opposite unipotent subgroup in G with the Lie 
algebra n — ®„i<o(0)ni- By definition we have that iV+ C ZN. 

Proposition 11.1. ([32], Proposition 12.1) Let q : G* ^ G be the map introduced in Proposition 

q{L+,L^) = L^Ll\ 

Assume that the roots 71, . . . ,7„ are simple or the set 71, . . . ,7„ is empty. Suppose also that the 
numbers ti defined in filO.5]) are not equal to zero for all i. Then q{lJ-J,j^ (u)) is a subvariety in NsZN 

and the closure q{^'^j^{u)) of q{^^j^{u)) is also contained in NsZN. 

We identify q{^'^^^{u)) with the subvariety in NsZN described in the previous proposition. 

Proposition 11.2. ([31], Propositions 2.1 and 2.2) Let Ns ^ {v e iV|sws"i e iV}. Then the 
conjugation map 

(11.2) N X sZN, NsZN 

is an isomorphism of varieties. Moreover, the variety sZNg is a transversal slice to the set of 
conjugacy classes in G. 

Theorem 11.3. Assume that the roots ji, ... are simple or the set ^i, ... ,"fn is empty. Suppose 
also that the numbers ti defined in il0.5\) are not equal to zero for all i. Then the (locally defined) 
conjugation action of M-\^ on q{p^j^{u)) is (locally) free, the quotient T^qiqifJ-Jj^iu))) is a smooth 

variety and the algebra of regular functions on nq{q[fj,J,j^(u))) is isomorphic to the algebra of regular 
functions on the slice sZNg. 

The Poisson algebra W''^{G) is isomorphic to the Poisson algebra of regular functions on 
■""13 ('3'(/^M+ (")))' W^{G) = C[7rq{q{fj,j)l'^{u)))] — C[sZNs]; the algebra C[g(/i^/^ (u))] is isomorphic to 
C[M+] (E) ly^(G) = C[M+] (g) C[sZNs]. Thus the algebra Wq{G) is a noncommutative deformation 
of the algebra of regular functions on the transversal slice sZNg. 

Proof. First observe that by construction q{fj,J^^{u)) C NsZN is (locally) stable under the action of 
M+ C on NsZN by conjugations. Since the conjugation action of N on NsZN is free the (locally 
defined) conjugation action of Af+ on q{fi'^^{u)) is (locally) free as well. Therefore the quotient 
7rg((7(/^^/^ (u))) is a smooth variety. 

Since by Proposition 111.11 gip'^}^ (m)) C NsZN the induced (local) action of M+ on q{fi~^j^{u)) 
is (locally) free as well. Now observe that from the description of the set q{fi~^j^{u)) given in the 

end of Proposition 1 1 1 . l] it follows that sZNg C qit^-^j ("))■ Since by the previous proposition any 
two points of sZNs are not iV-conjugate they are not M+ -conjugate as well, and hence we have an 
embedding sZN^ C it q[q{^'^^^{u))) . From formula ()5.10p for the cardinality jJAm^ of the set Am_|_ 

and from the definition of q{lJ,^.j {u)) we deduce that the dimension of the quotient TTq{q{^^j (w))) 
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is equal to the dimension of the variety sZNg, 

dim Tiq{q{nl}^ ("))) = dim G - 2dim M+ =2D + l~ 2UAm^ ^2D + l- 

-2{D - ^ - Do) ^ l{s) + 2Do + l-l' = dim iV, + dim Z = dim sZiV^. 

Note also that both sZNs and TTq{q{ii'^j^{u))) are connected. Therefore any regular function on 

■'''g('Z(/^M+ (^))) is completely defined by its restriction to sZNg. Such restrictions also span the 
space of regular functions on sZNs since by the previous proposition the restriction map induces 
an isomorphism of the space of iV-invariant regular functions on NsZN and the space of regular 
functions on sZNs , and iV-invariant regular functions on NsZN can be restricted to M_|_ -invariant 
functions on (7(/i^^"'^ (u)). Therefore the algebra of regular functions on 7rq(g(/i^/ i'^))) is isomorphic to 
the algebra of regular functions on the slice sZNg. This proves the first statement of the proposition. 
Now observe that by Remark 18.51 the map 

is an isomorphism. By construction the map tt^ : (?((Lt^/^ (w)) ql{t^^l^{u)) is a morphism of 
varieties. Therefore the map 

is an isomorphism. 

Finally observe that by Lemma flO. li the algebra C [(7 (/ij/^ (M))]nC°°(/x^_f^^ {u))'^ (^^-) is isomorphic 

to WiG), and hence W%G) ^ C[7rgqinlj\{u))]. 

The first three statements of the theorem also imply isomorphisms, 'C[q{^~^ (w))] = C[Af+] (g) 
VF"(G) ^ C[M+] ® CIsZNs]. This completes the proof. 

□ 

Remark 11.8. A similar theorem can he proved in case when the roots ^n+l^ • ■ • , 7/' simple or 
the set 7n+i; . . . , 7;' is empty. In that case instead of the map q : G* ^ G one should use another 
map q' : G* ^ G, q'{L^,L^) = LZ^L^ which has the same properties as q, see [26| . Section 2. 

Theorem 111.31 implies that the algebra (G) coincides with the deformed Poisson W-algebra 
introduced in [311. 

In conclusion we discuss a simple property of the algebra (G) which allows to construct non- 
commutative deformations of coordinate rings of singularities arising in the fibers of the conjugation 
quotient map So ■ G ^ H/W generated by the inclusion C[H]^ ~ C[G]^ ^ C[G], where H is the 
maximal torus of G corresponding to the Cartan subalgebra t) and W is the Weyl group of the pair 
(G,i?). 

Observe that each central element z E Z(Ce[G,]) obviously gives rise to an element Px={z) G 
Ce[G*] ®Ce[M_] and since z is central 

Px.Jz) e Homc,[M_](Cxj,C,[G,] ®c.[M_] C^ir"" = 

= Endc.[G.](C,[G.] ®c.[M_] C^;)"^^ = W.^G). 

The proof of the following proposition is similar to that of Theorem Ah in . 

Proposition 11.4. Let e G C &e generic. Then the restriction of the linear map p^s : (Ce[G^] — > 
Ce[G*] ®Ce[A/-] '^x" ^'^ center Z{Ce[G^]) o/Ce[G*] gives rise to an injective homomorphism of 
algebras, 

p^s : Z{C,[G4) ^ W^iG). 
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Now if ij : Z(Ce[G*]) — !■ C is a character then from Theorem 111.31 and the resuhs of Section 
6 in [31] it fohows that the algebra {G) /W^ {G)kci rj can be regarded as a noncommutative 
deformation of the algebra of regular functions defined on a fiber of the conjugation quotient map 
Sg '■ sZNs —5- H/W . In particular, for singular fibers we obtain noncommutative deformations of 
the coordinate rings of the corresponding singularities. 

12. SkRYABIN EQUIVALENCE FOR EQUIVARIANT MODULES OVER QUANTUM GROUPS 

In this section we establish a remarkable equivalence between the category of Wg'' (G')-modules 
and a certain category of Ce[G*] modules. This equivalence is a quantum group counterpart of 
Skryabin equivalence established in the Appendix to [21] . 

Let J = Ker ejc/j^, (m+) be the augmentation ideal of J7jj,(m+) related to the counit e of U%{q), 
and C^' the trivial representation of t/^, (m+) given by the counit. Let F be a finitely generated 
'CA'[Gt]-v[\oAn\e which satisfies the following conditions: 

(1) is free as an yl' -module. 

(2) is a right ?7jj/ (m+)-module with respect to an action Ad such that the action of the 
augmentation ideal J on V is locally nilpotent. 

(3) The following compatibility condition holds for the two actions 

(12.1) Mxiyv) = kdx2{y)P^Axi{v), x e U%{m+), y e C^'[G,], veV, 

where As{x) = xi ® X2, Adx(y) is the adjoint action of a; G f/jj, (m+) on y G C^^*-^*]- 

An element v £ V is called a Whittaker vector if KAxv = e{x)v for any x £ C/^, (m+). 
The space 

(12.2) Homt;^,(^^)(C^,,V^) =Wh(l^). 

is called the space of Whittaker vectors of V . 

Consider the induced ^7j^, (0)-module W — Ujs^,{q) ®Cj^,[g,\ ^- Using the adjoint action 
of U^,{q) on itself one can naturally extend the adjoint action of J7^,(tn+) from V to W in 
such a way that compatibility condition (112. ip is satisfied for the natural action of U^, (g) 
and the adjoint action Ad of C/J^, (rri+) on W. As we observed in Section [9] (see formula 
(|9T5|) ) A°PP{U%{m+)) C U%{b+) (g> U%{m+). From this using the fact that the elements 
ep = {1 — q^'^)ep, ep G ?7jj/(m+), are generators of C^'[M_] one immediately deduces that 
A°PP(C^'[M_]) C U%,{b+)®CA'[M-\- In fact A°pp(C^- [M_]) C C^- ® C^- [M_] since 
C^'[M_] C C^'[i?_] which is a Hopf algebra. 

We shall require that 

(4) For any x £ C^- [Af_] the natural action of the element (5^^ ® Xg)A°PP(x) £ <Ca' [G*] on W 
coincides with the adjoint action Ada; of x on W . 

As in the second part of the proof of Proposition 19.41 one can see that the last condition 
implies that for any z G C^' [G*] n Iq and v G Wh(y) zv — 0. 

Denote by C^' [G*] — mod^' ,^ s the category of finitely generated C^' [G*]-module which satisfy 

A'^ Hoc 

conditions 1-4. Morphisms in the category C^'[G,] — mod?^' , are C^'[G,]- and [/_^,(m+)- 

A'^ Hoc 

module homomorphisms. We caU C^' [G*] — mod?,' ,^ . the category of (J7jj, (m+), X5)-equivariant 

A' ^ ' loc 

modules over C^'[G*]. 

Note that the algebra W^{G) naturally acts in the space of Whittaker vectors for any object V 
of the category C^'[^*] ~ mod^' / s . Indeed, if w^w' G C^'[G,] are two representatives of an 

A'^ ^ Hoc 
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element from Wg{G) then w — w' £ Ca' [G*] <^Iq, and hence for any v £ Wh(V^) wv = w'v. Moreover, 
by the definition of the algebra (G) and by condition (112. ip we have 

AAx{'wv) — AAx2{'w)AAxi(y) — Adx2{w)e{xi)v — Adx{w)v — e{x)wv. 
Therefore wv is a Whittaker vector independent of the choice of the representative w. 
Proposition 12.1. For any finitely generated W^{G) -module E which is free as an A' -module the 
space Qa' 'E)w(G) E is an object in C^'[G*] — mod^l ,^ s , and 

1 V + ^ loc 

Wh{QA' ®M/=(G) E) = Homt,^,(„^)(C^-, Q^, ®m/=(G) E) = E. 

Proof. First we prove that Qa' is an object in C^'[G:t] — mod^' / x . We shall prove that the 
adjoint action of the augmentation ideal J of J7^, (m+) on Qa' is locally nilpotent. All the other 
properties of objects of the category C^^*-^*] ~ mod^' n for Qa' were already established in 
Proposition [921 

Indeed, let hom^'(J7_^, (m+)), W^{G)) be the subspace in Hom^'(f7^/(m+), W^(G)) which consists 
of the linear maps vanishing on some power of the augmentation ideal J = Ker e of [/4'(m+), 
hom^,(f7^/(m+),W^,''(G)) = {/ G Hom^.(C/^,(m+), W^,"(G)) : /(J") = for some n > 0}. Fix any 
linear map p : Qa' — > Wg{G) C Qa' the restriction of which to W^(G) is the identity map, and 
let for any v G Qa' <^{v) ■ U^,{m+) W^{G) be the .A' -linear homomorphism given by a{v){x) = 
p{Adx{v)). Since the adjoint action of Ua' {^+) on Ca' [G*] is locally finite the induced adjoint action 
of Ua' (iTi+) on Qa' is locally finite as well (see the arguments in the end of the proof of Proposition 
19. 3[) . Therefore for any v 6 Qa' the space Ad?7^' (m+)(f ) has finite rank over A'. This implies that 
in fact a{v) G hom^'([/_^, (m+), H^^(G)), and we have a map a : Qa' hom^/ (?7jj, (m+), W^^'*(G)). 

By definition cr is a homomorphism of right U^, (m+)-modules, where the right action of U^, (m+) 
on hom^/(?7jj, (m+), VF^(G)) is induced by multiplication in C/^,(m+) from the left. 

We claim that a is injective. Indeed, consider the specialization ai of the homomorphism a 
a.t q — 1. The specialization of the algebra C/4'(m+) at (7 = 1 is isomorphic to U{m+), and the 
specialization Qi = Qa'/{q^ ~ ^)Qa' of the C/^' (m+)-module Qa' at g = 1 is isomorphic to 
C[g(AiM+ («))]• By Theorem ^Tj\ C[g(Ai j/^ (u))] ^ C[M+] (g) VF"(G). From Proposition [lOj we 

obtain that the induced action of J7(m+) on the corresponding variety q{n~^^{u)) is induced by the 
conjugation action of and now using Proposition [TT2] one immediately deduces that the induced 
action of U (m+) on C[M+] W^*(G) is generated by the action of U{m+) on C[Ai^-|_] by left invariant 
differential operators. 

Using the exponential map exp : m+ -> we can also identify C[Af+] VF^(G) with the right 
C/(m+)-module homc([/(m+), WiG)) = {/ G Homc(C/(m+), W^iG)) : /( ) = for some n > 0}, 
where Ji is the augmentation ideal of U{m+) generated by m+, and the right action of C/(m+) on 
homc([/(m+), W'^{G)) is induced by multiplication in t/(m+) from the left. 

On the other hand the specialization of hom^/ (t/jj, (m+), Wg{G)) at q = 1 is also isomorphic to 
homc(?7(m+), VF*(G)), and hence under the above identifications the specialization of cri of map a 
at g = 1 becomes the identity map. 

Now let W be the kernel of cr, and Wi C Qi its image under the canonical projection Qa' 
Qi — QA'/{q^ — Wi must be contained in the kernel of (Ti. Since this kernel is trivial Wi 

must be trivial as well, and hence W — {q^ — l)W' , W C Qa'- Since Qa' is .4'-free and A' has no 
zero divisors we also have W C W. Iterating this process we deduce that any element w £ W can 
be represented in the form w = (g^d — l)^w' ,w' G W with arbitrary large B G N which is possible 
only in case when W = 0. Therefore a is injective. 
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Thus Qa' is a submodule of hom^/ (t/jj, (Tn+), Wg{G)) the action of J on which is locally nilpotent. 
Therefore the action of J on Q_a' is locally nilpotent as well. 

We conclude that for any finitely generated {G)-modu\e E which is free as an ^'-module the 
space Qj^i ®W'(G) ^ can be equipped with the adjoint action induced by the adjoint action on Qa' 
in such a way that the compatibility condition (jl2.ip is satisfied. Since the adjoint action of the 
augmentation ideal J on Qa' is locally nilpotent the induced adjoint action of the augmentation 
ideal J on Qa' ^wiG) E is locally nilpotent as well. 



The fact that is an object of the category Cjs^i [G*] — mod?}' / n implies now that Qa'®w(g) 
E is an object of the category C^^G**] — mod?^' ,^ s as well. Moreover, by the definition of the 

j^f ~^ loc 

algebra W^{G) 

(12.3) Homy^,(,,^)(C^,, Q^, ®w;i[G) E) = Wh(Q^, ®w^{G) E) = W'^{G) ®w^^G) E^E. 

This completes the proof of the fact that Qa' and Qa' ®w=(G) E are objects of the category 
C-4'[G*]-mod^' ( ) . 

□ 

Obviously we also have that for any object V of the category C^' [G*] — mod^' ^ the canon- 

A'^ ^ ' loc 

ical map Qa' ®w'(g) Wh(V^) — > y is a morphism in the category C^'[G*] — mod?}' / s 

We also denote by Ce[G*] — nrod^^aj.^^^^ the category of C£[G*]-modules which are specializa- 
tions of modules from C^'[G*] -mod^', , ) aX q = e e <C. The spaces of Whittaker vectors 

A'^ Hoc 

for modules from Ce[G*] ^ ^od^^^j^^-j^ , the adjoint action and the canonical map ®W'(G) 
Wh(V^) V , V <E Ce[G*] — mod?/,/_ n are defined similarly to the case of modules from 

^ e ) loc 

Ca-[G.]-^o&1\,(^^)^^^- 

We have the following obvious e-specialization of Proposition 112.11 

Proposition 12.2. Let e G C &e generic. Then for any finitely generated W^{G)-module E the 
space Qe ®w^{G) E is an object in Ce[G*] — mod^° ^-^^^^^ , and 

Wh(Qe ^W^sf^G) E) = YL0UYus(m+){<Ce, Qe ®W;(G) E) = E, 

where is the trivial representation of U^{m^) given by the counit. 

The following proposition is crucial for the proof of the main statement of this paper. 

Proposition 12.3. Assume that the roots 71,..., 7„ (or 7^+1, . . . , 7;/ j are simple or one of the 
sets 71, . . . , 7„ or 7n+i, • ■ • , 7i' is empty. Suppose also that the numbers ti defined in hi 0.5]) are not 
equal to zero for all i. Then for generic e d C Qs is isomorphic to ]iOTnc{U^{m+),C) (S) W^{G) as 
a U^{m+)-W^{G)-bimodule, where homc(C/£ (m+), C) is the subspace in Homc(J7|(m+), C) which 
consists of the linear maps vanishing on some power of the augmentation ideal J — Ker e (here 
e is the counit of U^{g)) of U^{m+), homc(f7|(m+), C) = {/ £ Homc(f/^"(m+), C) : /(J") = 
for some n > 0}. 

Proof. First we show that the specialization : Qe ^ homc(C/^(m+), VFJ* (G)) at g = e of the 
C/_^, (m+)-module homomorphism a : Qa' -> hom^/ (C/jj, (m+), (G)) constructed in the proof of 
Proposition [123] is an isomorphism of right [/|'(m+)-modules. 

First we prove that is injective. The proof will be based on the following lemma that will be 
also used later. 
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Lemma 12.4. Let <j) : X ^ Y he a homomorphism of (m+) -modules. Assume that the action 
of the augmentation ideal ofU^(m+) on X is locally nilpotent and that the restriction of cj) to the 
subspace of Whittaker vectors of X is injective. Then <f> is infective. 

Proof. Let Z C X he the kernel of (/>. Assume that Z is not trivial. Observe that Z is invariant with 
respect to the action induced by the action of J7^(m+) on X, and that the augmentation ideal of 
C/g (m+) acts on X by locally nilpotent transformations. Therefore by Engel theorem Z must contain 
a nonzero J7g (tn4.)-invariant vector which is a Whittaker vector v ^ X. But since the restriction of 
<j> to the subspace of Whittaker vectors of X is injective (j>{v) ^ 0. Thus we arrive at a contradiction, 
and hence (p is injective. □ 

Now we prove that Ce is injective. Observe that by Proposition 112.21 the augmentation ideal of 
U^{m+) acts on by locally nilpotent transformations. Let v G W^{G) be a nonzero Whittaker 
vector of Qe. By the definition of map we have f7e(w)(l) = pdv) = v, where : ^ 
W^{G) C Qe is the linear map used in the definition of the map the restriction of which to 
Wq{G) is the identity map. Therefore (Te(t)) ^ 0. Now by Lemma 112.41 applied to ct^ : Qe — >■ 
homc(C/g (m+), W^{G)) the homomorphism erg is injective. 

Now we prove that is surjective. In order to do that we shall calculate the cohomology space 
of the right ?7|(m+)-module Qe with respect to the adjoint action of [/^ (m+), 

(12.4) Ext^.(^^)(Ce,Qe). 
We shall show that 

(12.5) ExtE,.(^^)(Ce,ge)=0, n>0. 
Note that we already know that by definition 

(12.6) Ext°,.(^^)(Ce,Qe) = Homt;;(„^)(Ce,ge) = W:(G). 

We shall calculate the Ext functors in formula ()12.5p using a deformation argument which is based 
on upper semicontinuity of cohomology functor with respect to base ring localizations discovered 
by Grothendieck (see for instance [35], Theorem 1.2 for the formulation of this principle suitable 
for our purposes). Let X* be a complex of finitely generated free modules over a ring k, X* the 
corresponding complex over the residue field fc(p) of the localization of k at a prime ideal p. Then 
for each i the function p ^ A\mcH^{X*) is upper semicontinuous on Spec(k). In particular, if 
H^{X*^) = for some po then for generic p we have H^{X') = 0. 

As k we shall take A'. Note that one can define a localization, A' /{I — q'k)A' = C as well as 
similar localizations for other generic values of e, A! jie^ — q^)A! = C. 

An appropriate complex X' is a little bit more complicated to define. Let C^' be the trivial 
representation of J7^, (m+) given by the counit. We shall construct a complex X^, for calculating 
the functor Ext^^, (,„^)(C^', Q^') the specialization of which for any generic e is a complex for 
calculating the functor Ext^s(n,^)(Ce, Q^), and the specialization of X^, at g = 1 is a complex 
for calculating t/(m+)-cohomology with values C[Af+] (g) W'(G), where the action of U{m+) on 
C[M+] (g) W^{G) is induced by the natural action of U{m+) on C[M+] by left invariant differential 
operators. These cohomology is just the de Rham cohomology of M_|_, and hence is trivial in nonzero 
degrees. Moreover, the complex X^, will be filtered by finitely generated free modules. Therefore 
Grothendieck upper semicontinuity of cohomology together with the property of the specialization 
of our complex at g = 1 imply vanishing property (|12.5p . 
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To construct the complex X^, we first recall the definition of the standard bar resolution of an 
associative algebra A over a ring k regarded as an A — A~bimodule (see [39], Ch. 9, §6), 

Bar" (A) = A®u__--®u_A, n>0, 

n + 2 times 

(12-7) 

d{ao (g) . . . (Xi a„+i) = 

I]'s=o(~l)'''^o <E) ...(S) OsOs+i (g) . . . ® a„+i 

where oq, . . . , a„+i € A. 

Now observe that if one introduces degrees of elements of ^7j^, (n+) by putting dege^ = 1, i = 
1, . . . ,1 the algebra U^,{n+) becomes naturally N-graded by subspaces U^,{n+)'' which are free over 
A' and have finite rank over A'. Let U^,{m+)'' be the induced grading of U^,{m+) and denote by 
U^,{m+)k the induced filtration of ^7j^, (m+) by subspaces of finite rank over A' . 

Now one can define a filtration of the J7^, (m+)-module Qj,' by free ^'-modules of finite rank 
over A'. In order to do that we recall that Qj^i is a submodule of homj,r{U^,{m+),W^{G)) as we 
observed in the proof of Proposition 112.11 We also observe that from the definition of the space 
hoxnA'{U%{m+),W^{G)) it follows that 

(12.8) hom^,([/^,(m+), W^|(G)) = hom^,(C/^,(m+),^') <E>a' W^{G), 

where 

homA'{U%{m+),A') = ®k<ahomA'{U%{m+)-'' ,A'), 
Observe that houiA' {U^,{m^), A') is naturally a Z_-graded module over the N-graded algebra 
U^,{m+). Denote by hoinA'{U^,{m+), A')k — ffip>fehom^' (t/jj, (m+)^P, the corresponding fil- 
tration of homA'{Uj^,{m+),A') by subspaces which are free over A' and have finite rank over 
A'. By construction the action of t/jj, (m+) on horn a'{Ua'{^+), A') preserves the filtration of 
hom^' (t/Jj/ (m+), ^'). Combining the filtration on hom^/ (f/jj, (m+), with an arbitrary filtration 
Wg{G)k, fc G N of W^{G) by free ^'-submodules of finite rank we obtain a filtration of 

horaA'm,{m+),W^{G)) - hom^- (C/^, (m+), ®a' W^{G), 
homA'{U%{m+), W^{G))k = |J homA'{U%{m+),A% <E>a' W^{G)g, fc £ N. 

The induced filtration of the submodule Qa' has components which are free ^'-modules of finite 
rank. By construction the action of [/^, (m+) on Qa' preserves the components {QA')k of that 
filtration. 

The filtration C/^,(m+)fc induces a filtration Bar"([/^, (m+))fc of the complex Bar"(C/^, (m+)) by 
subcomplexes with finite rank graded components. 
Consider the subcomplex 

homc/^,(m+)(Bar'(C/;j,(m+)),Q^O = 
= IJ Honi[/=^^ ) (Bar* (C/jj, (m+ ) ) fc , g^/ ) 

k 

of the complex Homt/^^(n^^)(Bar'(C/jj,(m+), Q^')- Since Bar'([/_^,(m+)) is homotopic to [/jj,(m+) 
as a filtered U^,{m+) — U^,{m+) bimodule the cohomology of 

houius^^ (Bar* (C/jj, (m+ ) ) , Qa' ) 

coincide with Qa' ■ We claim that the homological degree graded components of 

homj/=^^ (m+) (Bar* {U%{m+)), Qa- ) 
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are injective J7jj, (m+)-modules, and hence hom[/j^^(n^^)(Bar'([/jj, (m+)), Q^/) is an injective resolu- 
tion of Qa' ■ 

Indeed, by construction each of the components hom[/s^^(n^^')(Bar"(C/^,(m+)), Qa') is isomorphic 
to homx'(C/j^, (m+), VF) = IJ^ Hom^/ (([/j^, (m+))fe, VF) for some free ^'-module W, and the right 
action of U^,{m+) on hom^/ (L/jj, (m+), W) is induced by multipUcation on U^,{m+) from the left. 
Clearly, hom^/ {U^, (m+), W) is the subspace of Hom^/ (U^, (m+), W) which consist of the linear maps 
vanishing on some power of the augmentation ideal J = Kere of t/jj, (m+), homA'{U^,{m+),W) = 
{/ e RomA'{U%{m+),W) : f{JP) = for some p > 0}. 

Lemma 12.5. Let J — Kere be the augmentation ideal of U^,{m+), homj\'{U^,{m+),W) = 
{/ e Hom_4/(C/J^, (m+), VF) : f{,P) ~ for some p > 0}, where W is a free A' -module. Equip 
hom^' (C/J^/ (Tn+), VF) with the right action o/?7Jj, (m+) induced by multiplication on t/Jj, (m+) from 
the left. Then the Uj(i(m+) -module hom^/ ([/Jj, (m+), W^) is injective. 

Proof. First observe that the algebra f/^, (m+) is Notherian and ideal J satisfies the so-called weak 
Artin-Rees property, i.e. for every finitely generated left f/jj, (tn+)-module M and its submodule 
N there exists an integer n > such that J"M f^N C JN. Indeed, observe that the algebra 
U^,{m+) can be equipped with a filtration similar to that introduced in Section |6] on the algebra 
Ug{Q) in such a way that the associated graded algebra is finitely generated and semi-commutative 
(see (|6.5p V The fact that U^,{m+) is Notherian follows from the existence of the filtration on it 
for which the associated graded algebra is semi-commutative and from Theorem 4 in Ch. 5, §3 in 
[4T] (compare also with Theorem 4.8 in [43]). The ideal J satisfies the weak Artin-Rees property 
because the subring C7^,(m+) + Jt + J'^t^ -I- . . . C U^,{m+)[t], where Hs a central indeterminate, is 
Notherian (see [4j, Ch. 11, §2, Lemma 2.1). The last fact follows from the existence of a filtration 
on U% (m+) + Jt + J^t^ + . . . induced by the filtration on U^, {xn+) for which the associated graded 
algebra is semi-commutative and again from Theorem 4 in Ch. 5, §3 in |41| . 

Finally, the module Rouia' {U^,{m^),W) is obviously injective. By Lemma 3.2 in Ch. 3, [ID] 
the module homA'iU%{m+),W) = {/ £ Hom^. (f/^, (m+), VT) : /(JP) = for some p > 0} is also 
injective since the ideal J satisfies the weak Artin-Rees property. □ 

Lemma 112.51 implies that the complex hom^j^ (m+)(Bar'([/^, (m+)), Qa') is an injective resolution 
of Qa' as a right J7jj, (m4_)-module. 
Now consider the complex 

X^, = Hom[/^^(m_^)(C^.,hom,7=^,(n,^)(Bar*(C/jj,(m+)),Q^0) 
for calculating the functor 

Ext^^,(„^)(c^,,g^O-^^'(^:^')- 

Observe that the specialization of the i7_^/ (m+)-module Ca' at e is isomorphic to C^, and the 
specialization of the C/^, (m+)-module Qa' at e is isomorphic to Qg. Therefore the specialization of 
the complex X^, at e is isomorphic to 

X^ = Hom[/=(n,^)(Ce,hom,7a(n,^)(Bar*(/7|(m+)),Qe)), 

where the complex 

homt/e(^^)(Bar'(C/^"(m+)),Qe) 
is defined similarly to hom^/s^ (n^^)(Bar*(J7^,(m+)), Q^') using the e-specialization of the filtration 
(t/jj, (m+))fc. Applying the same arguments as in case of the complex X^, one can show that X* is 
a complex for calculating the functor Ext^a(n^^)(Ce, Qe) = H*{X'). 

The specialization of the algebra C/^/(m+) at g = 1 is isomorphic to U{m+), the specialization of 
the t/jj, (m+)-module C^' at g = 1 is isomorphic to the trivial representation Co of ?7(m+), and the 
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specialization of the [/^, (m+)-module Q_4' at q = 1 is isomorphic to C[q{fij^j (u))]. By Theorem 

\im 

C[q(pjl{u))]9^C[M+](^W^iG). 
From Proposition 110.21 we obtain that the induced action of t7(m+) on the corresponding variety 
q{fijf (u)) is obtained from the conjugation action of M-^ and now using proposition 111.21 one 
immediately deduces that the induced action of U{m+) on C[Af+] ® ^{G) is generated by the 
action of J7(m+) on C[M_|-] by left invariant differential operators. Therefore the specialization of 
the complex X^, at g = 1 is isomorphic to 

X' = Homt;(^^)(Co,homy(„^)(Bar'([/(m+)),C[M+]^VF^(G))), 
where the complex 

homt;(„^ ) (Bar* ( [/ (m+ ) ) , C [M+ ] ® W^^ (G) ) 

is defined similarly to 

homj/^^^ ) (Bar* {U%{m+)), Qa- ) 

using the q — 1-specialization of the filtration (C/Jj, (m+))fc. Applying the same arguments as in case 
of the complex X\, one can show that X* is a complex for calculating the functor 

Ext^(„^)(Co,C[M+] ® W\G)) = H'{Xl). 

We also obviously have Ext^(„^)(Co,C[Af+] ® W'{G)) = Ext^(^^)(Co, C[M+] ® W'{G)) = 
H*j^{M+) (g) W'^{G), where H*j^{M^) is the de Rham cohomology of the unipotent group Af+. 
Since H2r{M+) = for n > we deduce that = for n > 0. 

Finally observe that the complex X\, and its specializations introduced above can be equipped 
with compatible filtrations by finitely generated free subcomplexes. These filtrations are induced 
by the filtrations {QA')k and (J7jj, (m+))fc and by their specializations at q = e and q = I- The 
Grothendieck cohomology semicontinuity property holds for these subcomplexes, and hence for the 
complex X^i as well. Therefore from the vanishing property H'^{X*) = for n > we deduce that 
for generic e Ext|}.(^^) (Q, Qe) = H^'iX*) = forn > 0. 

Now we prove that is surjective. We start with the following lemma. 

Lemma 12.6. Letcf) : X ^ Y be an injective homomorphism of (m^) -modules. Assume that4> in- 
duces an isomorphism of the spaces of Whittaker vectors of X and ofY, and that Ext^s^^^^-) (C^, X) = 
0, where is the trivial representation o/t/|(m+). Suppose also that the action of the augmentation 
ideal J of U^{m+) on the cokernel of (p is locally nilpotent. Then (j) is surjective. 

Proof. Consider the exact sequence 

^ X ^Q, 
where W is the cokernel of (j), and the corresponding long exact sequence of cohomology, 

^ Ext"^.(^^)(Ce,X) ^ Ext"^.(^^)(Ce,y) ^ Ext^.(^^)(Ce, W^') ^ 
^Ext^=(m+)(Ce,^)^.... 

Since </> induces an isomorphism of the spaces of Whittaker vectors of X and of F, and 
Ext^s(j„^-) (Ce, X) = 0, the initial part of the long exact cohomology sequence takes the form 

^ Wh(X) ^ Wh(y) ^ Wh(VK') ^ 0, 

where the second map in the last sequence is an isomorphism. Using the last exact sequence we 
deduce that Wh(T/F') = 0. But the augmentation ideal J acts on W' by locally nilpotent transfor- 
mations. Therefore, by Engel theorem, if W' is not trivial there should exists a nonzero U^{vn.+)- 
invariant vector in it. Thus we arrive at a contradiction, and W' — 0. Therefore is surjective. 
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□ 

Now recall that by ()12.5|) and (|12.6|) we already know that 

Wh(g,) = W^iG), Ext^.(„^)(Ce,Q,) = 0, 
and by the definition of the module homc(J/£ (Tn+), W^{G)) 

Wh(homc({7,^(m+),W^,^(G))) = Hom[;.(„^)(Ce, homc(C/,^(m+), T^/(G))) = WI{G). 

Observe also that by construction the map <Je ■ Qe ^ '^OTac{U^{m+),W^{G)) induces an iso- 
morphism of the spaces of Whittaker vectors. Since the action of the augmentation ideal J on 
]ioxa.c{U^{m+),W^{G)) is locally nilpotent its action on the cokernel of is locally nilpotent as 
well. Therefore Ce is surjective by Lemma [12.61 

Thus we have proved that cje Qe —> homc(?7£ (m+), W^{G)) is an isomorphism of right L/|'(m+)- 
modules. Note that by the definitions of the spaces homc([/£ (m+), W^{G)) and homc(?7£ (m+), C) we 
also have an obvious right t/|'(m+) -module isomorphism homc(C/|'(m+, W^{G)) = homc(?7£ (tn+), C)® 
W/(G). 

Now consider the f7|(m+)-submodule CT~-^(homc(?7|(m+), C)) of Q^, where homc(?7|(m+), C) C 
homc(C/^^(m+), WI{G)). Obviously a-^{\iOxnc{UI{m+), C)) ~ homc(C/^^(m+), C) as a right C/|(m+)- 
module. 

Let 0£ : cr7i(homc(C/g^(m+),C)) ® W^i^G) -J> Qe be the map induced by the action of W^{G) 
on Qg. Since this action commutes with the adjoint action of U^{m+) on we infer that 0^ is a 
homomorphism of C/^(m+)-WJ'(G)-bimodules. 

We claim that (/f^ is injective. This follows straightforwardly from lemma [12.4I because all Whit- 
taker vectors of cr7^(homc(?7£ (tn+), C)) ® W^{G) belong to the subspace 

1 ® W'^{G) c a-i(homc(C/|(m+),C)) ® WI{G), 

and the restriction of to this subspace is injective. 

Now we show that ipe is surjective. By the specializing the result of Lemma 112.51 at q = e 
one can immediately deduce that the right t/^ (m+)-module cr7^(homc(?7*(m+), C)) W^{G) ~ 
homc{UI{xa+),WI{G)) is injective. In particular, Ext^a(^^)(Ce, cr7i(homc(C/£^(m+), C))(8)W/(G)) = 
0. One checks straightforwardly, similarly the case of the map Ce, that the other conditions of Lemma 
112.61 for the map (pe are satisfied as well. Therefore 4>e is surjective. 

This completes the proof of the proposition. □ 

Now we formulate our main statement. 

Theorem 12.7. Assume that the roots 71, . . . ,7„ (or 7n+i, . . . are simple or one of the sets 
71,..., 7„ or 7„_|_i, . . . , 7;/ is empty. Suppose also that the numbers ti defined in il0.5\) are not 
equal to zero for all i. Then for generic e 6 C the functor E ^ ®wi(G) E, is an equivalence of 

the category of finitely generated left (G) -modules and the category Ce[G*] — ^od^l ^^^^ . The 
inverse equivalence is given by the functor V (— )■ Wh{V). In particular, the latter functor is exact. 

Every module V G Ce[G,] — mod^^^^^^j^ is isomorphic to homc(C/|'(m+), C)) ® Wh{V) as a 
right U^{m+) -module. In particular, V is U^{m+) -injective, and Ext^s^^,^^-) (C^, V^) = Wh(y). 

Proof. Let be a finitely generated IVjf (G)-module. First we observe that by the definition of 
the algebra we have Wh{Q_A' ®w(g) ^) = Therefore to prove the theorem it suffices to 
check that for any V G Ce[G,] — mod^''^^^^^^^ the canonical map / : ®vf/(g) Wh(F) — F is an 
isomorphism. 
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By the previous Proposition Qe = homc(t^|(nx+), C) ® W^{G) as a U^{m+)-W^{G)-h\m.oA\x\e. 
Therefore 

(12.9) Q, ®wi[G) Wh(l^) ^ homc(C/|(m+),C) Wh(V^) 

as a right ?7|'(m+)~niodule. 

Now the fact that / is an isomorphism can be estabhshed by repeating verbatim the arguments 
used in the proof of a similar statement for the map (/f^ in the previous Proposition. In particular / 
is injective by Lemma [12.41 ®Wf (G) Wh(V^) — homc(f7|(m+), C) Wh(V^) is an injective right 
C/^(m+)-module by Lemma [12.51 and / is surjective by Lemma [12.61 

This completes the proof of the theorem. □ 

13. LOCALIZATION OF QUANTUM BIEQUIVARIANT 2?-MODULES 

In this section we present a biequivariant version of the localization theorem for quantum 2?- 
modules proved in [1] |33] . A similar result for Beilinson-Bernstein localization of V modules on the 
flag variety was already mentioned in the original paper [2] (see also [16] for more details). 

Let e G C be transcendental and generic. Denote by Ce[G'] the Hopf algebra generated by 
matrix coefficients of finite-dimensional representations of U^{q). There is a natural paring (•,•) : 
U^{q) ® Ce[G'] C. The algebra Ce[G] is equipped with a C/^(g)-bimodule structure via the left 
and the right regular action, 

(13.1) u(a) = ai(u, 02), {a)u — {u,ai)a2, w G [/^(g), a e Ce[G'], Aa = ai(X)a2. 

Let X>e be the Heisenberg double of U^{q) defined in As a vector space — Ce[G] (K> U^{q), 
and the multiplication on is given by 

(13.2) a ® u ■ b (Si V — aui{b) (Si U2V, a,b&C^[G], u,weJ7|(g), A^u = ui (g) U2. 

The Heisenberg double is an analogue of the algebra of differential operators on the group G in 
case of Hopf algebras. also has the structure of a t/|(g)-bimodule, 

(13.3) ML(a ® w) W(i)(a) U(2)v5's(u(3)), UR{a CS v) = {a)u ® v, 

u e UI{q), a e Ce[G],{id® As)A,{u) = ® U(2) «'U(3). 

Both the left and the right U^{q) actions on are derivations with respect to the multiplicative 
structure in the sense that 

(13.4) ULia iSi u ■ b iSi v) = 7/1^(0 ® u) • W2l(& ® w), u/?(a ® u • 6 (g) w) = uiji{a ® u) ■ U2R{b (g) v). 

These actions are analogues of the actions generated by left and right translations on G on the 
algebra of differential operators. 

Let A be a character of (f)). A naturally extends to a one-dimensional C/^ (b+)-module that we 
denote by Ca. 

Note that there is an algebra embedding U^{q) C x i-> 1 x. The image of this embedding 
is an analogue of the algebra of right invariant vector fields on G. As in case of Lie groups right 
invariant vector fields generate left translations in the sense that 

l(^yi-a(E)x-l(g) Ssy2 = yL{a (E>x), y G U^{q) CD^, a®x e V^, As{y) = 1/1® 2/2- 

Let Ce be the quotient Hopf algebra of Cg [G] by the Hopf algebra ideal generated by elements 
vanishing on U^{b+). Note that if is a right Ce[i3+]'-comodule then V is also naturally a left 
?7|'(b+)-module. 

A (f7|(b+), A)-equivariant -module is a triple (M, a,/3), where M is a complex vector space 
equipped with a left Pg-action a : x M ^ M, a right C£[S+]'-coaction which gives rise to a left 
f/^"(b+)-action /3 : U^ib+) x M M such that 
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(1) The [/^(b+)-actions on M (g) C\ given by /? (g) A and by ck|[/s([,^) (g) Id coincide; 

(2) I3{u){a{a (g) v)m) — a(uii(a (?) v))P{u2)m, for all u e t/*(b+), a ® w e I?^, to e M, A^u = 

Ul (g) U2- 

([/g (b+), A)-equivariant I?e-modules form a category morphisms in which are linear 

maps of vector spaces respecting all the above introduced structures on (J/^ (b+), A)-equivariant 
Pg-modules. 

Let I?^ be the maximal quotient of which is an object of 'D^s^^^^y In fact one has 

where / is the left ideal in generated by the elements 1(E) ei, l(E)ti — X{ti), i = 1 , . . . , L We denote 
by 1 the image of 1 (g) 1 € I?e in . 

Now define the global section functor F : ~^ Vectc, where Vectc is the category of vector 

spaces, 

r(M) = RomT^.^^^^jV^.M) = Homy.((,^)(Ce,M), 

where in the last formula J7^(b+) acts on M according to /3-action, and Cg is the trivial representation 
of C/^(b+) given by the counit. 
One can also write 

(13.5) r(A/) = Homt,.(t,^)(CA,M), 

where U^{b+) acts on M according to the a-action composed with the embedding t/|(b+) — ?> V^, 

X 1-^ I (g) X. 

Naturally T{V^) = End^A^ (V^) is an algebra with multiplication induced from P^. The 

algebra r(X'^) naturally acts from the left on spaces r{M) for M £ T^UB(^h+)- 

Recall that there is a locally finite right adjoint action of Ad : U^{g) x U^{q)^^" — ?> U^{q)-^^" given 

by 

Adx{'w) = Sg ^{x2)wxi, 

where A,(x) = Xi g> X2, x € U^{q), w 6 [/^"(g)-^'™. Let AacI : U^is)^'" ^ ^[6] (g) C/|(0)-^™ be the 
dual Ce[G']-coaction on f7|(g)-^™. One can consider the tensor product Ce[G] (g U^{q)^™ as a linear 
subspace of P^. Using this fact AAd can be regarded as a linear map to 2?e, AAd : U^{g)f "^ — > Pg. 
In fact AAd is an embedding, the left inverse map AAds^ is given by 

(13.6) AAds,(a<8>a;) = a(8) 1 • AAd5,(a;), a «) x G ImAAd C Ce[G] «) C/|(0)^™, 

where AAdS, : [/"(fl)^" ^ ^^[G] (g) U^isy"' is the map dual to the action of U^{g) on U^isy"' 
given by AdSg, and the image of AAds., in (|13.6p belongs to the subspace 1 €3 ^7^(0)-^*" which is 
naturally identified with [/^ (g)-''™. 

Direct calculation also shows that AAd : U^{g)^^'^ — > is an algebra antihomomorphism, 

AAd(a;) • AAd(y) = AAd(ya;). 

Note that AAd can be extended to a homomorphism from U^{g) to a certain completion Ce[G](8)C/^(g) 
of Ce [G] (g) C/^ (g) by infinite series terms of which are elements of [G] (8) (g) . We denote this exten- 
sion by the same symbol, AAd : U^{q) — Ce[G](g)J7|'(g). One can equip the completion Ce[G]®U^{£) 
with a multiplication induced from V^. We denote the obtained algebra by P^. 

One checks that the map AAds^ naturally extends to a left inverse of AAd : U^{g) V^, and 
hence AAd : U^{g) is an embedding. The image of this map can be regarded as an analogue 

of the algebra of left invariant vector fields on G. In particular, these analogues generate the right 
action of U^{q) on D^, 

(13.7) AAd(yi) • a (g) X • AAd(5'7^?/2) = ynia ® x), ye U^{q), A,{y) = yi y2, a(g>xe V^. 
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The map AAd is also equivariant with respect to the right action of U§{g) on 2?e in the sense that 

(13.8) UR{AAd{v)) = AAd(Ad«(i;)), u e U^ig), v e ;7,^(fl)^'". 

Denote by J\ the annihilator of the Verma module Me(A) = U^{q) ®(7;(b+) in C/*(g)^™. 
Ja is generated by the ideal of the center Z{U^{g)-^"^) = Z{U^{q)) corresponding to a character 
XA+p : Z{U^ig)) C, where p = i EaGA+ " ^ P+- Let U^ig)^ be the quotient of U^isY'" by Ja, 
U^{9)^ = ;7|(0)/-/Ja. 

We also denote by Ix the annihilator of A4(A) in [/^'(g) and by U^{q)x the quotient U^{q)x = 

A character A : t/|(f)) — s> C is called regular dominant if for each e P_|_ and all weights ij} of 
K (</>), ^ V', one has ^ XA+,/.- 

Proposition 13.1. ([1], Proposition 4.8, Theorem 4.12) The map 

(13.9) UI{Qf ^ TiV^^yPP = Homy=(,^)(Ce,P,^),a; ^ AAd(2:)l 

is an algebra isomorphism. 

If X is regular dominant the global section functor T : T^^s^^^^^ mod — U^{q)'^ is an equivalence 

of the category and of the category mod — U^{2)^ of right (q)^ -modules. The inverse 

functor is given by 

(13.10) V^V 8)t/;(B)^ , F e mod - U'^{q)^. 

Now we present an equivariant version of the previous proposition. Let U C U^{q) be a sub- 
algebra equipped with a character x ■ U —^C Denote by the corresponding one-dimensional 
representation of U. Assume that U is also a coideal, i.e. As{U) C U (S) U^{q) 

A biequivariant P^-module is a (C/g(b+), A )-equi variant 27g-module M which is also equipped 
with the structure of a left U -module j : U x M ^ M such that 

(1) For any u ^ U the action of the operator x(wi)a(AAd('S'sU2)) on M is well defined, and the 
[/-actions on ® AI given by Id 7 and by x ^ ctAAd ° Sg coincide; 

(2) 7(u)(a(a v)m) = a{Ss{u2)jj^{a w))7(mi)to, for all w G [/, a (g) u £ 2?e, m £ M, AsU = 

Ui U2. 

Biequivariant 25^-modules form a category morphisms in which are linear maps of 

vector spaces respecting all the above introduced structures on biequivariant D^-modules. 

A ([/, x)-equivariant [/^'(g) '^-module is a right [/^'(g) •^-module V equipped with the structure of 
a left [/-module j : U x V V such that 

(1) For any u G [/ and u G T/ one has j{u)m — x{ui)SsU2V, where a priori x{ui)SsU2m should 
be understood as the natural action of the element x{ui)SsU2 on the induced [/|(g)-module 

T/' = F®t/;(s)^f^s(0); 

(2) -f{u){xv) = AdSs{u2){x){-f{ui)v), for all u G [/, x £ [/|(fl)^, v eV, A^u = ui (g) U2. 

([/, x)-equivariant [/^(g)^-modules form a category ^mod— [/^(g)^ morphisms in which are linear 
maps of vector spaces respecting all the above introduced structures on equivariant [/^(g) "^-modules. 

Formula ()13.5p . condition (2) in the definition of biequivariant 2?£-modules and the obvious 
relation 

ur{1 (g) x) = e(u)l (g) x, u,x e [/|(g) 
imply that if M is a biequivariant P^-module then 7 induces a [/-action on T{M). From formula 
(jl3.8p it also follows that if M is a biequivariant P^-module then r(M) is an equivariant 1/^(9)^- 
module. Conversely, the second relation in (jl3.4l) and (jl3.7l) imply that if V is an equivariant 
[/|^(g) ^-module with an equivariant structure 7 then the formula 

(13.11) 7(w)(w (a (g)x)) = 7(ui)(v) (g) 5's(w2)fl(a a;), v e V, a(g)xG2?^, u G [/ 
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defines the structure of a biequivariant I?e-module on V T>^- 
Thus we have the following proposition. 

Proposition 13.2. If X is regular dominant the global section functor T : T^^s^f,^-^ mod — J7^(g)^ 
gives rise to an equivalence of the category of biequivariant -modules and of the category 

^mod — U^{q)^ of equivariant right (q)'^ -modules. The inverse functor is given by 

(13.12) V^V V^, V mod - U^{q)^. 

Denote by /J the right ideal in CefG*] generated by the kernel of xt m Ce[M_], and by p^s the 
canonical projection Ce[G*] — >■ I^\Ce[G*]. Let Ql be the image of Ce[G,] under the projection p^j. 

Assume that the roots 71 , . . . , 7„ are simple or that the set 71 , . . . , 7„ is empty, and hence 
the segment A^i is of the form A^i ~ {71,..., 7„}. Then from formula ()4.13p it follows that 
A4U^im+))cU^{m+)®U^ib+). 

Similarly to Section |9] we deduce that the left action Ad o 5^ of C/^(m+) on Ce[G»] induces an 
action on which we denote by Ad o Sg- One can also define the corresponding W-algebra by 

where the multiplication in W^{GY is induced from Ce[G,]. 
As in Proposition II 1 .41 we have an embedding 

Note that by Proposition 19.31 C^[G^] ~ U^{q)^^". Let Zx be the kernel of the character x\ '■ 
Z(Ce[G,]) C. Consider the quotient 

W^{G)l = W,%Gy/W,%GYZx. 

Observe that for generic e we have an algebra isomorphism Ce[Af„] = U^{m+) and that C/^(m+) is 
a coideal in U^{q). In particular, Xe is a character of U^{m+). Therefore one can define the category 
;7=(m+)m'-'d — U^{qY of (t/|(m+), Xe)-equivariant ?7|(g)'^-modules. Consider the full subcategory 
;7=(m+)m°d — C^e(0)foc o^ u={m^)^'^'^ ^ (s)"^ objccts of which arc finitely generated over U^{g) 
objects of (m^) mod — U^{qY such that the 7-action of the augmentation ideal of U^{m+) on them 
is locally nilpotent. 

Let Ql^ be the image of f/^ (g)'*' under the projection p^s. We have the following straightforward 
analogue of Theorem 112.71 for the category ^"^^^^^mod — U^{Q)fg^. 

Proposition 13.3. Assume that the roots 71, . . . , 7„ (or 7n+i, ■ ■ ■ ilv ) o.f^ simple or one of the sets 
71, . . . , 7„ or 7n+i, . . . , 7/' is empty. Suppose also that the numbers ti defined in il0.5\) are not equal 
to zero for all i. Then for generic e G C the functor E 1-^ E (E)w{Gy^ QeX^ '^^ equivalence of the 

category of finitely generated right {GYx-modules and the category [/^(m^jmod — (fl)/J,c- '^^^ 
inverse equivalence is given by the functor V 1— >■ Hom(7s(m+)(Ce, 1^) = Wh(V^). In particular, the 
latter functor is exact. 

Every module V ^jjsf^y^^"^ mod — U^{Q)f^^ is isomorphic to homc(C/J*(m+), C) Wh(V") as a left 
U^{m+) -module. In particular, V is (rn+)-injective, and Ext^s^^,^) (C^, — W]i{V). 

Let Ce[M+]' be the coalgebra which is the quotient of Ce[G] by the coalgebra ideal generated by 
elements vanishing on U^{m+). Proposition 113.31 implies that the [/*(m+)-action on the objects of 
the category ^s(^^^^^^^od--U^{Q)f^^ is induced by the adjoint J/^ (0)-action on U^{qY which is locally 
finite. Therefore this action gives rise to a right coaction of Cj[M4-]' on objects of j^^^^fmod — 
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(0)foc- Conversely, a right C£[A/+]'-coaction on any such object V gives rise to a [/|'(m+)-action 
such that the action of the augmentation ideal of C/^ (m+) on it is locally nilpotent. Indeed, the action 
of the augmentation ideal of U^{b+) on any finite-dimensional J7|(g)-module is locally nilpotent, 
and hence the action of t/f (m+) C [/^(b-(-) induced by the coaction of Ce[M+]' is locally nilpotent 
as well. 

Now observe that in this case the ?7^(m+)-action defined by formula (|13.11|) on the corresponding 
biequivariant 25^-module gives rise to a right C£[Af+]'-coaction which is the tensor product of the 
right coaction of Ce[Af+]' on V described above and the right coaction of Ce[M+]' on induced 
by the regular action (u,a) {a)Ss{u), u e U^{q), a £ C^[G], of U^{q) on C^[G] which is locally 
finite by definition. 

Conversely, if M is an object of the category (7s(m'')2?^s(f,^) such that the 7-action of J7^(m+) 
on it is induced by a right C£[M+] '-coaction then the induced C/g (m+)-action on r(M) corresponds 
to a right Ce[M+]'-coaction on T{M). 

Now consider the full subcategory ^sf^^^'^^^^s(^^,^•^^ of (7s(n,^)2'[/s([,^) objects of which are finitely 

generated over Vg objects of y=(m+)^a»(b+) ^^^^ ^'^^ each M e (7s(nx+)^t/=(b+) 7-action 
of U^{m+) on M is induced by a right Ce[M+]'-coaction. From Propositions 1 1 3 . 2l and 1 1 3 .31 and the 
discussion above we immediately obtain the following statement. 

Theorem 13.4. Assume that the roots 71, . . . ,7„ (or 7n+i, . . . are simple or one of the sets 
7i, . . . , 7„ or 7n+i, ■ • ■ , 7/' is empty. Suppose also that the numbers ti defined in \10.5\) are not equal 
to zero for all i. Suppose also that A is regular dominant. Then for generic transcendental £ G C the 
category ijsi^^^T^^si^, \ is equivalent to the category of finitely generated right {G)\ -modules. 
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